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The  Ballistic  Research  Laboratories  served  as  host  to  the  Second 


Conference  of  Arsenal  Mathematicians.  This  one-^lay  meeting  was  held 
24  February  1956.  Colonel  A.  R.  del  Campo,  Director  of  the  Laboratories, 
extended  a  welcome  to  those  in  attendance,  and  then  commented  on  the 
contributions  which  mathematicians  are  making  in  various  specific  areas. 

He  also  mentioned  a  few  of  the  training  programs  currently  active  at  the 
Aberdeen  Proving  Ground.  Following  the  talk  by  Colonel  del  Canqpo, 

Sessions  A  and  B  of  contributed  papers  were  started  and  these  continued 
until  noon.  Session  A  was  chaizmanned  by  Professor  H.  H.  Goldstine  of  the 
Institute  for  Advanced  Study,  while  Associate  Technical  Director  of  the 
Ballistic  Research  Laboratories,  R.  H.  Kent,  served  in  a  similar  capacity 
for  Session  B.  Following  lunch  more  contributed  papers  were  presented  at 
Sessions  C  and  D.  Dr.  George  Glockler,  Chief  Scientist  of  the  Office  of 
Ordnance  Research,  and  Mr.  R.  R.  Kuebler,  of  the  Office  of  the  Chief  of 
Ordnance,  served  as  Chairmen  of  these  two  phases  of  the  program  which 
continued  until  mld-aftemoon.  At  1500  the  group  of  some  seventy-five 
scientists  in  attendance  at  the  conference  came  together  to  hear  an  Invited 
address  by  Dr.  C.  B.  Tompkins  of  the  University  of  California.  His  address 
was  entitled  Linear  Programming  and  High  Speed  Computer  Applications. 

Colonel  P.  N.  Glllon,  Cocinanding  Officer  of  the  Office  of  Ordnance  Research, 


was  the  Chairman  of  this  final  portion  of  the  conference. 
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layer  problems,  stress  analysis. 
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presentea.l 


Boundary 


Stic  equations,  stability  and  heat  con¬ 


duction  problems,  cooqniter  and  automatic  weapon  analysis  were  some  of  the  many 


topics  in  applied  mathematics  that  were 
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While  It  was  gratifying  to  the  eooBlttee  on  arrangenente  to  hare  w  over 
supply  of  program  material,  It  was  unfortunate  that  time  did  not  permit 
presentation  of  all  the  submitted  papers.  A  two-day  conference  would  hare 
been  organised  had  It  been  possible  to  foresee  the  aaMunt  and  the  quality 
of  the  arallable  talent. 


Initial  Distribution 

The  Initial  distribution  list  of  the  Transactions  of  the  Second 
Conference  of  Ar*ienal  Mathematicians  includes  those  who  attended  the  meeting 
and/or  the  gowemment  installations  with  which  they  are  associated.  For 
econosy,  only  a  limited  numiber  of  copies  have  been  sent  to  each.  Additional 
copies  will  be  transmitted  upon  re<piest. 


V 


TABLE  OF  CONTENTS 

Page 

Foreword .  iii 

Program .  vii 

Three-Dimensional  Boundary  Layers* 

By  R.  Sedney 

A  Numerical  Solution  of  Boundary  Value  Problems  for  Nonlinear 
Ordinary  Differential  Equations 

By  Erwin  Fehlberg . 1 

The  Measurement  of  Nonlinear  Forces  and  Moments  by  Free  Flight  Tests 

By  C.  H.  I4irphy  .  9 

An  Analogue  Computer  Study  of  Interior  Ballistic  Equations 

By  William  Dittrich .  21 

The  Response  of  a  Tapered  Cantilever  Beam  When  a  Transient  Force  is 
Applied  at  the  End 

By  A.  S.  Elder .  35 

Analysis  of  an  Infinite  Plate  Containing  Radial  Cracks  Originating 
at  the  Boundary  of  an  Internal  Circular  Hole 

^y  0.  L.  Bowie  .  . . . .  6? 

Analysis  of  the  N-Wave  of  a  Slender  Supersonic  Projectile 

By  D.  Steininger  and  F.  D.  Bennett .  87 

Engraving  Pressures  for  Rotating  Bands  -  An  Estimate  of  Contact 
Pressure  for  Continued  Normal  Engraving  of  Rectangular  Bands 

By  E.  W.  Ross,  Jr .  113 

Stability  of  a  Liquid-Filled  Shell 
By  Pvt.  L.  E.  Schnddt** 

Analog  Computer  Simulation  of  Autc»natic  Weapons 

Bj  E.  H.  Jakubowskl .  137 

The  Solidification  of  Molten  Material  in  Finite  Regions 

By  A.  Nordlo .  157 

Fl3M}ff  Rotation  Bands  Under  Centrifugal  Loading 

By  F.  I.  Baratta  and  J.  I.  Bluhm.  . . .  181 

*  This  paper  was  presented  at  the  Conference.  It  is  not  published  in 
these  Transactions. 

**  This  paper  can  be  found  in  a  classified  security  information  (SECRET) 
Appendix  of  this  Report. 


Vi 


TABLE  OF  CONTENTS 


Page 


The  Effect  of  Particle  Suspensions  on  the  Flow  of  a  Gas 

By  H.  N.  Brown* .  211 

Determination  of  Elastic  Stresses  in  Chamber  Sections  of  Recoilless 
Rifles 

By  P.  R.  Radkowskl . .  225 

Linear  Programming  and  High  Speed  Con^uter  Applications 

By  C.  B.  Tompkins  . .  249 

Basic  Principles  of  a  Two-Dimensional  Slide  Rule 

By  C.  R.  White . . .  2B3 


*  On  the  Program  a  paper  with  a  similar  title  was  presented  under  the 
Joint  authorship  of  H.  Brown  and  R.  Makino. 


PROGRAM 


CONFERENCE  OF  ORDNANCE  MATHEMATICIANS 
BALLISTIC  RESEARCH  LABORATORIES 
24  February  1956 


Sessions  A  and  B  on  Friday  morning  will  run  concurrently.  Sessions 
C  and  D  on  Friday  afternoon  will  also  run  concurrently.  The  first  paper 
listed  in  Session  C  is  classified  SECRET.  From  1450  to  1550,  Session  E 
will  be  the  only  session  in  order. 

MORNING 


(All  times  shown  are  Eastern  Standard  Time) 


Room 

0745-0835 

259 

REGISTRATION 

0835-0850 

259 

WELCOMING  REMARKS  -  Col.  A.  R.  del  Campo,  Director, 

Ballistic  Research  Laboratories 

0900-1130 

259 

SESSION  A  -  Chairman:  H.  H.  Goldstlne,  The  Institute 

for  Advanced  Study 


O9OO-O93O  >  Three-Dimensional  Boundary  Layers 
R.  Sedney 

Ballistic  Research  Laboratories 

O93O-IOOO  -  A  Numerical  Solution  of  Boundary  Value 
Problems  for  Nonlinear  Ordinary  Differ¬ 
ential  Equations 

Erwin  Fehlberg,  Redstone  Arsenal 
1000-1030  INTERMISSION 

IO3O-IIOO  -  Measurement  of  Nonlinear  Forces  and 
Moments  by  Free  Flight  Tests 

C.  H.  Murphy 

Ballistic  Research  Laboratories 

1100-1130  -  An  Analogue  Cmqmter  Study  of  Interior 
Ballistic  Equations 

William  Dittrich 
Frankford  Arsenal 


viii 


Room 

O9OO-II3O  211  SESSION  B  -  Chairman:  R.  H.  Kent,  Ballistic  Research 

Laboratories 

O9OO-O93O  The  Response  of  Tapered  Cantilever  Beams 
When  a  Transient  Force  is  Applied  to  the 
End 

A.  S.  Elder,  Ballistic  Research 
Laboratories 

O93O-IOOO  Analysis  of  an  Infinite  Plate  Containing 
Radial  Cracks  Originating  at  the  Boundary 
of  an  Internal  Circular  Hole 

0.  L.  Bowie,  Watertown  Arsenal 

1000-1030  INTERMISSION 

IO3O-IIOO  Analysis  of  the  N-Wave  of  a  Slender 
Supersonic  Projectile 

0.  Stelninger  and  F.  D.  Bennett 
Ballistic  Research  Laboratories 

IIOO-II3O  Engravlhg  Pressures  for  Rotating  Bands  - 
An  Estimate  of  Contact  Pressure  for  Con¬ 
tinued  Normal  Engraving  of  Rectangular  Banda 

E.  W.  Ross,  Jr.,  Watertown  Arsenal 

1130-1300  LUNCHEON 

AFTERNOON 

1300-1430  259  SESSION  C  -  In  this  session  the  paper  by  Pvt.  L.  E. 

Schmidt  carries  a  classification  of  SECRET 

Chairman:  George  Gloekler,  Office  of 
Ordnance  Research 

1300-1330  Stability  of  a  Luquid-Filled  Shell 

Pvt.  L.  E.  Schmidt,  Plcatlnny  Arsenal 

I33O-I4OO  Analog  Computer  Simulation  of  Automatic 
Weapons 

E.  H.  Jakubowskl,  Springfield  Armory 

I4OO-I43O  The  Solidification  of  Molten  Material  in 
Finite  Regions 

A.  Nordlo,  Plcatlnny  Arsenal 


ix 


Room 

I3OO-I43O  211  SESSION  D  -  Chairman:  R07  R.  Kuebler,  Office  of  the 

Chief  of  OrdnMiee 

I3OO-I33O  Pl7-Off  Rotation  Bands 

J.  I.  Bluhm  and  F.  I.  Baratta 
Watertown  Arsenal 

I33O-I4OO  The  Effect  of  Suspensions  on  Unsteady 
Gas  Flow 

H.  Brown  and  R.  Hakino 
Ballistic  Research  Laboratories 

1400-1430  Determination  of  Elastic  Stresses  in 
Chamber  Sections  of  Recoilless  Rifles 

P.  R.  Radowski,  Watertown  Arsenal 

1430-1450  INTERMISSION 

1450-1550  259  SESSION  E  -  Chairman:  Colonel  P.  N.  Gillon, 

Ordnance  Corps 
Connandlng  Officer 
Office  of  Ordnance  Research 

1450-1550  Linear  Programming  and  High  Speed 
Computer  Applications 

C.  B.  Tompkins 
University  of  California 

SUPPLEMENTARY  PROGRAM 
(To  be  presented  by  title) 

A  Physical  E]q>lanatlon  of  an  Anomaly  in  a  Radar  Energy  Study 
L.  M.  Court,  Diamond  Ordnance  Fuze  Laboratories 

Approximate  Solutions  of  Non-Linear  Differential  Equations  Arising  in 
Ballistics 

A.  S.  Galbraith,  Eglin  Air  Force  Base 

Stability  of  the  Solution  to  Differential  Equations  Arising  in  BalUstlcs 
A.  S.  Galbraith,  Eglin  Air  Force  Base 

Basic  Principles  of  a  Two-Dimensional  Slide  Rule 

C.  R.  White,  Ballistic  Research  Laboratories 

Problmns  in  Interferogram  Reduction 

F.  D.  Bennett,  Ballistic  Research  Laboratories 


X 


Refraction  Operators  in  Ray  Tracing  Through  Cones  of  Constant  Index 
F.  D.  Bennett,  Ballistic  Research  Laboratories 

Refraction  of  Light  in  Conical  Flow  Fields 
R.  Sedney  and  N.  Gerber 


A  NUMERICAL  SOLUTION  OF  BOUNDARY  VALUE  PROBLEMS  FOR 
NONLINEAR  ORDINARY  DIFFERENTIAL  EQUATIONS 

By 

Erwin  Fehlberg 

Redstone  Arsenal,  Huntsville,  Alabama 

Introduction.  This  paper  presents  a  numerical  approach  to  the  Iteration 
method  as  applied  to  boundary  value  problems  for  ordinary  differential  equ¬ 
ations. 

Instead  of  using  a  numerical  integration  procedure  for  the  iteration 
method,  esqiansions  in  series  are  applied.  In  this  way  the  solution  is 
obtained  in  an  analytical  form  and  can  easily  be  cesnputed  for  any  value  of 
the  argument.  In  article  1  the  method  will  be  explained  In  detail  for  the 
second-  order  differential  equation.  In  article  2  the  results  for  the 
third-  and  fourth-  order  differential  equation  are  stunnarized. 

This  paper  Is  not  concerned  with  the  investigation  of  criteria  for  the 
convergence  of  the  Iteration  method,  but  It  is  always  assumed  that  the  con¬ 
sidered  boundary  value  problem  has  a  solution  and  that  the  iteration 
procedure  converges  to  this  solution. 

1.  Second-  order  differential  equation.  We  assume  the  differential 
equation  has  the  form: 


y"  -  f(x,y,y'),  (l.l) 

and  we  are  interested  In  an  Integral  of  this  equation  that  solves  the  follow¬ 
ing  boundary  value  problem: 

X  -  -1  : 

X  -  +1  : 

A  linear  substitution  on  x  will  transform  any  finite  interval 
a  <  X  ^  b  into  -1  <  x  <  +1.  Therefore,  our  choice  of  the  x-values  in 

(1.2)  does  not  mean  any  restriction. 

According  to  the  iteration  procedure  we  have  to  Introduce  Into  the 
right-hand  side  of  (l.l)  an  approximate  solution  of  (l.l)  which  satisfies 

(1.2) .  By  this  introduction  the  right-hand  side  of  (l.l)  reduces  to  a 
ftmetion  of  X  alone: 


y  -  y(-i) , 
y  -  y(+l). 


(1.2) 


.y"-f(x).  (1.3) 

Integrating  twice  we  get  the  next  approximation  for  our  solution,  the 
constants  of  integration  being  deter^ned  by  the  boundary  values  (1.2). 

To  perform  in  a  convenient  way  this  Integration  procedure  of  successive 
approximation,  we  make  use  of  expansions  in  Legendre  series.  Let  us  put  In 
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the  Legendre  coefficients  being  given  in  well-knovm  manner  by: 


Fn  -  ^  P„(x)dx. 


n' 


(1.5) 


For  the  required  solution  y(x)  of  (1.4)  we  similarly  put: 


y(x)  -  E  T  .P„(x) 
'  n  n  n 


(1.6) 


ifith  unknovm  coefficients.  However,  these  unknown  coefficients  Y  can  easily 
be  expressed  by  the  well-known  coefficients  F  of  the  right-hand  side  of 
(1.4). 


Denoting  the  integral  J'f(x)dx  by  ^^V(x)  and  the  integral 
y*  ^^V(x)dx  by  ^^^f(x),  from  (1.4)  follows: 


y  -  ^^^f(x). 


(1.7) 


The  coefficients  in  (1.6)  are  then  given  by: 

^  f  P„(x)'ix. 

n  2  n 

Integration  by  parts  reduces  (1.8)  in  the  following  manner: 


(1.8) 


T  - 

n 


^  /  ^^^f(x)  •^^^P^(x)dx 


(1.9) 


f(x)  /^^Pjx)(ix. 


We  assume  n2  2  and  compute  Y^  and  Y^  later  by  means  of  the  boundary  values. 

Then  the  first  two  terms  on  the  right-hand  side  of  (1.9)  ai'e  zero.  This 
follows  for  the  first  term  from  the  well-known  relation: 


(2n*l).^^^P^(x)  •  Pj,^i(x)  -  P„.i(x) 


(1.10) 


for  Legendre Is  f>olynanlal8 .  For  the  second  term  this  follows  by  integrating 

(1.10): 

(2n+l)  ^^^P„(x)  - 


n 


(^♦1)  ^  ^P^Cx)  -  2J1+3  rPn+2^*^  “  ^n^*^  “  2n-l  ‘ 


(1.11) 
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^n"^  7  f(x)  ^^^P^(x)dx  (n>2)  (1.12) 

or,  using  (l.ll): 

^n  "  *  2  “  l2n+3)C2n-l}  f(x)Pjj(x)dx  ♦ 

or: 

F  2F  F 

^n  "  C2n-3l(2n-i;  ~  (2n-l}(2n+3)  *  (2n+3)(2n+5) 

By  (1.13)  the  coefficients  (n-2)  of  our  approximate  solution  7(x) 
can  iBBiedlately  be  computed  as  soon  as  the  Legendre  coefficients  F^  of 
(1,A)  are  knovm.  However,  the  determination  of  the  F^  is  a  relatively  easy 
problem  and  comparable  e.g.  to  the  determination  of  the  coefficients  of  a 
Fourier  series.  As  to  the  technique  of  the  determination  of  the  F^,  the 
reader  may  be  referred  to  two  former  papers  of  the  author*). 

We  still  have  to  determine  I  and  I-  .  From  (1.2)  follows: 

o  X 

♦  Tj  ♦  .  .  .  ♦  ♦  .  .  .  ■  y(*l) 

♦  T2  ♦  .  .  .  ♦(-!)"  ♦  .  .  .  -  y(-l). 

Introducing  the  abbreviations: 

5  ^y(+i)  ♦  y(-i)]  -  7(1) 

5  |7(+l)  -  y(-l)3  -  y(l)  , 

we  obtain  from  (I.I4)  by  addition  or  subtraction: 

To  ♦  T2  ♦  ♦  .  .  .  ♦  Ygn  •  *  •  " 

^1  *  ^3  *  ^5  *  *  •  *  *  ^2n+l  ♦  •  •  •  •  y(l)* 

*  Zeitschr.  f.  angew.  Math.  Mech.  24  (1944) »  P*  71/76 

"  "  "  "  31  (1951).  p.  IO4AU. 


(1.14) 


(1.15) 


(1.16) 
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From  the  first  equation  (1.16)  and  fr<»n  (1.13)  follows: 

Iq  -  y(l)  Y2^-  y(l)  ((a/-3)Uvs-1)  "  TwffevfT  "" 

^2r*2  1 
(4v+3)(4V^5)J 

or: 


I  -  y(l)  -  1  F  ♦  1.  F  .  (1.17) 

3  °  15  ^ 

From  the  second  equation  (1.16)  and  from  (1.13)  follows  in  quite  the  sane 
manner: 

Y.  -  y(l)  -  1_  F.  ♦  1_  F,.  (1.18) 

^  15  35  ^ 

By  the  coefficients  (1.17),  (1.18),  and  (1.13)  our  approximate  solution  of 
(l.l)  and  (1.2)  is  completely  determined. 


We  then  have  to  substitute  this  approximate  solution  and  its  first 
derivative  into  the  right-hand  side  of  (l.l)  and  have  to  repeat  the  procedure. 
For  the  actual  substituting  it  is  useful  to  express  the  Legendre  coefficients 
I  of  the  first  derivative  y'(x)  also  by  the  F-^. 


In  quite  the  same  way  as  in  the  case  of  the  Y^j  we  find: 

'■■•59 -is  <■“' 

and: 


y(i). 


(1.19) 

(1.20) 


2.  Third-  and  fourth-order  differential  equations.  We  can  here  restrict 
ourselves  to  a  short  sunmary  of  the  results  which  can  be  obtained  in  quite  the 
same  way  as  in  article  1  for  the  second-order  differential  equation. 


a.  Third-order  Differential  Equation 
Differential  equation: 

y»"  =  f(x,y,y'  ,y")  (2.1) 

Boundary  values: 


X  -  -1  ;  y  -  y(-l) 

X  -  -1  :  y«  -  y'(-l) 

X  -  +1  :  y  -  y(+l). 


(2.2) 
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Coefficients  for  the  approximate  solution: 

T  -  ^^n-^  -  ^^n-1  ♦  ^^n+1 _ 

"  (2n-5K2n-3)C2n-]i  (2n-3n2n-lK2n+3)  (2n-l}  (2n+3y(2n+5J 


n*3  (n>3) 

:2n+3K2n+5)(2n+7) 


-  KD  -  1  7  (1)  ♦  i  y'(-i)  -  1  F  *  ^  ^2  "  ^  ^ 

°  3  3  9  ®  45  ^  315  105  ^ 


L  -  y  (1)  -  1  F  4  2  -  1  F 

^  15  °  105  ^  315  ^ 


(2.3) 


Y.  -  1  y  (1)  -  1  y'(-l)  ♦  1  -  2  F  -  _4_  F?  ♦  1  ^  “  -i- 

^  3  3  9  °  ?3  315  ^  ^  693  ^ 

Coefficients  for  the  first  derivative  of  the  approximate  solution: 


n  Cn-3 


To  -7(1) 


(ni  2) 


f,'  -  7  (1)  -  7'(-l)  ♦  1  F„  -  1.  F  -  ^  P.  ♦  1_ 


3  ''  15  "  105 


(2.4) 


Coefficients  for  the  second  derivative  of  the  approximate  solution: 


r  "  -  ja=i  jaii 
n  "  2n-l  ”  2n+3 


(nil) 


T„  -  7  (1)  -  7'(-l)  ♦  1  F^  -  3  Fj  ♦  1.  F 
®  3  °  ^  35  ^ 


(2.5) 


b.  Fourth-order  Differential 


Differential  equation: 


y'**'  -  f(x,y,y‘,y",y”'). 


Boiindary  values: 


X  -  -1  :  y  -  y(-l)  ,  y’  -)(^-l) 

X  -  +1  :  y  ■  y(+l)  ,  y'  -  y'(+l). 


(2.6) 


(2.7) 
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Coefficients  for  the  approximate  solution: 

^n-A  ^n-2 

^n  "  (2n-7) (2n-5)?2n-3) f2n-l)  “  (2n-5)(2n-3)(2n+l) (2n+3) 


6F_ 


4F. 


(2n-3) (2n-i; (2n+3) (2n+5)  “  ( 2n-l) ( 2n^3?( 2n+5 } ( 2n+7) 


( 2n+3 ) ( 2n*5; t2n+7) ( 2n*9) 


-  y  (1)  -  1  y'  (1)  ♦  1_  F  -  «2_  F.  ♦  JL_  F, 

°  3  45  °  315  ^  945  ^ 


Y.  -  6  y  (1)  -  1  y'(l)  ♦  _1_  F  -  F  +  1  F 
•^  5  5  525  ^  1575  ^  ^ 


(2.8) 


Y,  -  1  y'  (1)  -  2  F^  ♦  F-  -  F,  ♦  _1__  F. 


^  ®  105 


2079  ^  9009 


^3  •  1  7'(1)  -  1  y  (1)  -  2  F  4  F  -  4  F  ♦  _JL-  F- 

^5  5  ^  17325  ^  ^  ^  19305  ' 

Iff  similar  to  (1.16)  the  foUovdng  abbreviations  are  Introduced: 


1 1 

y'(+l)  y 

2  1 

- 

y'(*i)  -  y 

(2.9) 


We  obtain  coefficients  for  the  first  derivative  of  the  approximate 
solution: 

Y  '  -  /n-3  ^^n-1  ♦  ^Vl 

“  (2n-5)(2n-3)(2n-ll  (2n-3)(2n-l)(2n+3)  (2n-l)(2n+3)(2n+5) 


•  n-»3 _ 

(2n+3)(2n45)(2n^7) 


(n^3) 


I  « 


Yo  - 


y  (1) 
y'(l) 

y'(i) 


(2.10) 


1_  F  ♦  2  F^  -  1  F 
15  °  105  315  ^ 

y  (1)  -  _L  F  ♦  F  ♦  1  F 
105  315  ^  ^  ^ 


Conference  of  Arsenal  Mathematicians 


7 


Coefficients  for  the  second  derivative  of  the  approximate  solution: 


T^"  -  y'(l)  (2.U) 

\  -  37' (1)  -  3y(l) 


Coefficients  for  the  third  derivative  of  the  approximate  solution: 


Y  .  J2=i  jail 

n  2n-l  ”  2n+3 


(n>l) 


I  " '  -  3y'(l)  -  3y(l)  ♦  1.  P,  -  1.  F. 
®  15  ^  35  ^ 


(2.12) 


Note;  In  this  paper  we  have  considered  only  the  sluqplest  boundary  eon- 
dltlons.  However,  our  method  can  also  be  applied  to  more  involved  boundary 
problems.  For  these  boundary  conditions,  of  course,  affect  the  detersdnatlon 
of  only  the  first Trcoefficionts  T  ,  I,,  ...  ^  ,  ,  if y  is  the  order  of  the 
differential  equation. 


THE  MEASUREMENT  OP  NON-LINEAR  FORCES  AND 
tOfENTS  BY  MEANS  OF  FREE  FLICST  TESTS 

C.  H.  Murphy 

Ballistic  Research  Laboratories 

Absrdssn  Proving  Oround,  Nsrjdand 

An  liiq[>ortant  technique  of  the  exterior  balllsticlan  Is  the  determination 
of  the  aerodynamic  forces  axid  moments  acting  on  a  model  by  measurements  of  Its 
free  flle^t  motion.  Since  this  technique  has  been  traditionally  handicapped 
by  a  restriction  to  linear  force  systems,  considerable  Importance  has  been 
attached  to  the  extension  of  the  technique  to  non-linear  force  systems. 
Although  great  success  has  been  achieved  In  the  application  of  the  methods  of 
non- linear  mechanics  to  the  andysls  of  non-llneeo*  problems,  this  vorh  Is 
usually  restricted  to  one  degree  of  freedom  systems.  In  exterior  ballistics, 
however,  we  are  spaced  with  the  problem  of  the  angular  motion  of  a  mlsile  and 
must  contend  with  two  degrees  of  freedom. 

In  this  paper  we  will  first  discuss  the  problem  of  one  degree  of  freedom 
and  then  describe  the  extension  to  two  degrees  of  freedom.  A  general  class  of 
non-linear  equations  In  one  dependent  veurlable  may  be  written  In  the  forms 

t  •  • 

X  ax  >  uf(x,  x)  and  a>0.  (l) 

The  general  solution  of  the  linearized  equation  (u  >  O)  Is  x  -  Acos(ya  x  ■»■  &). 
Polnceur^^  has  shown  that,  for  "small"  values  of  u,  periodic  solutions  of  (l) 
exist  near  solutions  of  the  linecurized  solution.  Poincare's  work  was  modified 
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by  Oylden  and  Llndstedt  to  eliminate  certain  secular  terms.  Although  the 

Llndatedt  process  Is  an  iterative  one,  the  first  step  Is  often  sufficiently 

accurate.  A  rather  stBq;>le  method  for  performing  this  first  step  Is  onbodled 

2 

In  the  Kryloff  and  Bogollnboff  method  of  equivalent  linearization. 

In  this  process  Equation  (l)  Is  approximated  by  cui  equivalent  linear 
one  of  the  form. 

X  +  2kx  +  <D^  X  -  0  (2) 

vlth  the  solution  x  =  A  e~  cos  (<at  5).  ^e  coefficients  of  Equation  (2) 

are  determined  by  averaging  ^f(x,  x)  over  a  period  of  the  motion.  Kryloff 

and  Bogollnboff,  replace  the  parent  non-linear  equation  by  a  family  of 

equivalent  linear  equations.  The  coefficients  of  these  linear  equations 

depend  on  the  aoplltude  and,  hence,  are  functions  of  initial  conditions.  In 

particular,  If  ve  consider  the  motion  of  a  unit  mass  attached  to  a  cubic  spring 

,  then  , 

vlth  restoring  force  -  ax  f  bx^,/(if(x,  x)  >  bx^  and  the  parameters  of  the  equlv- 
alent  linear  equation  are 

k  -  0  (5) 

-  a  +  b(3A  A^)  (4) 

For  this  special  case  Equation  (l)  can  be  solved  exactly  in  terms  of  an 
elliptic  integral  of  the  first  type.  The  exact  frequency  has  been  compeored 
with  that  predicted  by  Equation  (4)  and  edmost  amazing  agreement  has  been  observed. 
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In  the  case  of  a  veak  spring  (b  >0)  for  vhlch  the  cubic  component  can  actually 
reverse  the  direction  of  the  spring  force,  Equation  (4)  was  accurate  to  l>l/2^ 
up  to  aaq;>lltudea  vhlch  would  make  the  cubic  component  half  as  big  as  the  linear 
'  3Bq;>onent.  For  the  strong  spring  (b4  0),  Equation  (4)  retained  this  accuracy 
of  1-1/2^  for  aaq[>lltudes  of  oscillation  vhlch  make  the  cubic  component  six 
times  bigger  than  the  linear  component.  Thus  ve  see  that  the  method  of  equiv¬ 
alent  linearization  la  good  for  non- linearities  Tdilch  are  definitely  not  "small" . 

Equation  (4)  can  not  only  be  used  for  the  prediction  of  the  motion  of  a 
mass  acted  on  by  a  cubic  spring,  but  It  can  be  used  In  the  dynamic  measurement 
of  this  cubic  force.  We  can  dlsttnrb  the  spring  and  compute  values  of  aisplltude 
and  frequency  from  the  resulting  motion.  If  a  series  of  different  disturbances 

are  used,  ve  can  obtain/number  of  different  values  of  A  and  a>.  Using  Equation 

2  2 
(4),<o  is  plotted  versus  the  effective  squared  aaplltude,  3/4  A  ,  and  a  line 

fitted.  The  slope  of  this  line  Is  b,  the  coefficient  of  the  cubic  term,  and 

Its  lntez*cept  Is  a,  the  coefficient  of  the  linear  term. 


TSie  situation  for  the  angular  motion  of  a  missile  Is  quite  similar.  If 
ve  eoB-make  use  of  a  Corteslan  coordinate qystem  with  l«axls  along  the  trajectory, 
the  2-axls  In  the  horizontal  plane,  and  the  3-axls  determined  by  the  rle^t  hand 


good  sdsslles,  the  angle  between  the  missile's  aucls  and  the  trajectory, which 
Is  called  the  yaw  angle,  Is  small  and  and  Xy  are  then  projections  of  this 
angle  on  horizontal  and  vertical  planes  respectively. 


4y  ,  For 


rule,  the  direction  cosines  may  be  denoted  by Jl 
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For  simplicity  vs  vlU  coaslder  an  aerodynamic  moment  of  the  same  form 


as  the  cubic  spring.  !Die  magnitude  of  this  moment  Is,  therefore,  a  cubic 
function  of  the  angle  between  the  missile's  axis  and  the  trajectory. 


Moment 


*  V 


(5) 


.  .  -2  .2^.2 

where  o  ■  X-  +  X»  > 

and  ^^2  dimensionless  aerodynamic  coefficients,  and 


C  Is  a  dimensional  constant. 

In  Reference  3  It  is  shown  that  the  angular  motion  must  satisfy  the  following 
second  order  differential  equation  in  the  complex  variable  X  *  -t- 


i- 


ko 

-  l(-^)l 


*  <  V  *  V 


8^)X 


(6) 


\diere  A  «  axial  mcsient  of  Inertia 

B  transverse  mcamnt  of  Inertia,  and 
(0^  >  euclal  spin. 

The  solution  of  the  linearised  form  of  Equation  (6)  Is 


X-K^ 


(7) 


tAere  0^  -  +  0^^  t 


are  ooaq>lex  constants. 
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Thus  we  see  that  the  solution  Is  generated  by  two  conplex  vectors  vlth 
magnitudes  and  rotating  with  frequencies  0^.  In  Reference  3  the  equivalent 

linearization  process  is  applied  to  Equation  (6)  and  it  is  found  that  the 
solution  has  the  same  form  as  Equation  (j).  ^e  frequencies  0^'s  are  now 
functions  of  the  asqilltudes  K^*s.  In  particular^  Equation  (k)  has  the  foUov- 
Ing  generalization 


range 


3  K- *2  -  \  *  V 


^2  2 


(8) 


According  to  Equation  (8)^  from  a  number  of  different  firings  the  measured 
amplitudes  of  oscillation  and  frequencies  should  be  combined  to  yield  pairs  of 
.  ^2  and  and  these  data  points  fitted  by  a  line.  In  Figure  I*thls  is 
done  for  a  body  of  revolution.  In  this  case  three  center  of  mass  posltlonB 

and  1^2  obtained.  Theae 
values  showed  excellent  internal  consistency  when  they  were  compared  with  the 
usual  center  of  mass  transformations.  Independent  wind  tunnel  tests  of  this 
model  were  made  and  good  agreement  vlth  flle^t  tests  was  obtained. 


were  tested  and  so  three  different  values  of 


Next  this  technique  was  applied  to  a  large  yaw  program  in  which  angles  up 
to  30^  had  been  obtained.  In  Figure  # these  data  are  plotted  and  we  see  that 
two  lines  are  needed  to  fit  the  points!  A  little  reflection  shoved  that  each 
line  corresponds  to  a  cubic  segment  in  the  moment  plane.  An  examination  of 


*  See  end  of  this  paper 
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the  Individual  flrliigB  shoved  that  all  rounds  possess  yavlng  motions  vhlch  made 
use  of  one  or  the  other  segments  but  not  both  and  this  Interpretation  of  the 
data  vas>  therefore,  valid.  In  Figure  3  the  actual  moment  plane  Is  plotted. 
(For  large  angles^  5  Is  actually  the  sine  of  the  yav  angle  and  not  that  angle 
Itself.)  The  ]^slcal  e^lanatlon  for  the  "comer"  at  23°  vas  found  to  lie 
In  the  faot  that  the  flow  separates  from  the  lee  side  of  the  model  at  about 
23°.  CoBQMrlson  vlth  direct  vlnd  tunnel  measurement  shoved  excellent  agree> 
'fflent . 

Because  of  this  success  In  treating  a  non-linear  static  lusBent,  the 
effect  of  non-llnear  Magnois  and  dasqjtlng  momenta  considered.  In  Reference 
3  It  vas  found  that  these  moments  cause  both  modes  of  oselallatlon  to  damp 
exponentially.  The  exqponentlal  coefficients  arm  functions  of  amplitude  and 
plots  similar  to  Figure  1  are  possible.  A  number  of  measurements  of  non-llnear 
Magnus  moments  have  been  made  and  this  extension  to  damped  osclUatlons  has 
proven  extremely  valuable. 


RBIEiBHCBS 
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AN  ANALOG  COI'IPUTER  STUDY  OF  INTERIC®  BALLISTIC  EQUATIONS 


By 

William  A.  Dittrich 
Frankford  Arsenal 

A  study  has  been  undertaken  at  Frankford  Arsenal  to  simulate  the  Interior 
ballistic  performance  of  a  recollless  rifle  by  solving  a  set  of  simultaneous 
differential  equations  describing  the  system  on  an  analog  computer.  It  was 
desired  to  make  use  of  the  computer  as  a  development  tool  to  Investigate  the 
effects  on  systmn  performance  of  varying  certain  parameters.  This  provides 
weapon  system  development  td.th  an  Intermediate  step  between  theoretical  cal¬ 
culations  and  firing  a  test  weapon,  Its  simulation  on  an  analog  coiqjuter, 
making  possible  a  large  reduction  In  the  number  of  test  firings  necessary  to 
develop  a  weapon. 

The  object  of  the  study,  then  was: 

First,  to  establish  the  validity  and  limitations  of  the  equations  proposed. 

Second,  If  the  validity  of  the  equations  proposed  were  established,  to  show 
the  use  of  the  conqputer  as  a  development  tool  by  Investigating  the  changes  In 
fflussle  velocity,  peak  pressure,  and  the  like  produced  by  varying  certain  pro¬ 
pellant  and  physical  design  parameters. 

The  Initial  weapon  studied  was  a  57  m  recollless  rifle,  chosen  because 
of  the  large  amount  of  experimental  data  available  for  It.  The  equations  of 
motion  for  this  weapon  are  a  modified  form  of  those  deidved  by  Hirsehfelder  and 
others  for  a  conventional  weapon,  familiar  to  many  of  us. 

Equation  of  State: 

P7-(1*B)12N«FT  V-V  ♦AX+N-C 

7  7  ®o  ^  s 

O 

Where; 

2 

P  -  pressure  (ib/in  ) 

V  -  voliune  (in^) 
gas  in  weapon  (lb) 

F  «  impetus  of  propellant  (ft. lb) 

lb 

T  «  gas  temperature  (°K) 

X  ■  travel  (in) 

C  ■  charge  (lb) 

T^"  isochoric  flame  temperature  (K) 


22 


Conference  of  Arsenal  Mathematicians 


B  >  virial  coefficient  for  gases 
A  ■  area  of  bore  (in  ) 

N  ■  total  gas  produced  (lb) 

P  ■  density  of  propellant  Lb 

In3 


PEOJECTILE  VELOCITY  EQUATION 
7  •  k/H  f  Pdt 
where  V  -  velocity 

M  *  mass  of  projectile 


PROJECTILE  TRAVEL  EQUATION 
I  -  JV  dt 

BURNING  RATE  EQUATION 

N  -  2  ci:  /  P*^dt 

w 

where  T  ■  burning  rate  constant  (in 

sec) 


W  -  web  (in) 


nossle  discharge  equation 

where: 


Cjj  -  noszle  discharge  coefficient 

2 

A^  -  throat  area  (in  ) 

N  -  gas  flowing  flroai  nozzle  (lb) 


ENERGY  EQUAHON: 
N'C  T  ■  NC  T 

V  VO 


A  2 

where: 

C^  >  constant  volume  spec.  ht.  of  gases 
C^  ■  constant  pressure  spec.  ht.  of  gases 
0  -  heat  loss  coefficient 
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These,  then,  were  the  equations  set  upon  the  computer*  I  suppose  a  short 
eaqslanatlon  of  the  analog  computer  operation  would  be  In  order  here.  The 
analog  con^uter  found  Its  first  major  use  In  the  field  of  guided  missiles 
idiere  the  cost  of  test  firing  made  necessary  a  means  of  performing  all  possible 
research  by  theoretical  means.  Recently  Its  use  has  been  rapidly  Increasing 
In  other  science  and  engineering  fields.  The  analog  con^uter  uses  such  elee> 
tronlc  components  as  aaqcllflers ,  resistor  capacitor  networks,  and  potlento- 
meters  set  up  In  a  circuit  which  obeys  the  same  set  of  equations  as  the  dynamic 
system  under  study.  Voltage  fluctuates  as  pressures  or  displacements,  for 
example.  In  the  physical  section  and  the  dynamic  response  of  the  simulated 
system  can  be  recorded.  The  analog  computer  has  the  advantage  of  simplicity 
of  setup  and  operation,  and  speed  of  solution,  however  Its  accuracy  seldom 
exceeds  1  percent.  In  Interior  ballistics  problems  this  Is  normally  adequate; 
the  accuracy  of  meastirement  equipment  used  In  experiments  seldom  Is  more 
accurate.  A  few  of  the  basic  circuits  for  various  mathematical  operations 
are  shown  below: 


Resistor 


Condenser  Aaqslifler 


^  -  RCl  oL  Cl 

cU 

(To  reduce  airplifier  noiit 


± V ' 


■oltlpli cation  by  constant  Summation 


The  circuit  schematic  for  the  equations  given  earlier  to  represent  the 
Interior  ballistics  of  a  recoilless  rifle  is  shown  In  figure. .  (At  the  end 
of  this  peper). 
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A  total  of  IB  amplifiers,  six  multipliers  and  some  nonlinear  ftinction 
generators  were  used.  Six  channels  of  information  were  recorded. 

A  typical  computer  run  is  shown  in  Figure  2. 

It  can  be  seen  that  peak  pressure  Is  6100  lb/±n  and  muzzle  velocity  is 
1175  ft/sec.  Since  the  initial  charge  is  1  lb.  it  can  be  seen  in  (N)  and 
that  only  70  percent  was  burned  and  only  30  percent  went  to  propelling  the 
projectile.  These  values  agreed  quite  closely  with  esqperimental  test  results 
as  can  be  seen  in  fig.  3«  Peak  pressures  of  experimental  test  results  were 
within  5  percent  of  computer  values.  )6izzle  velocities  came  within  5  ft/sec. 
of  each  other  as  shown  in  figure  4* 

Having  shown  the  equations  to  be  representative  of  the  actual  physical 
s]rstem  it  was  then  decided  to  vary  certain  design  parameters  to  discover  the 
effects  on  interior  ballistic  performance.  Variations  of  such  parameters  as 
web  of  propellant,  burning  rate  constant,  throat  area,  and  nozzle  discharge 
coefficient  was  made  and  effects  on  weapon  performance  noted.  Although  time 
does  not  permit  a  conqplete  listing  of  results  of  varying  such  parameters,  I 
can  say  that  it  was  found  that  the  web  size,  charge  weight,  burning  rate 
constant  exerted  the  greatest  effect  on  peak  pressures  and  muzzle  velocities 
of  weapon  while  virlal  coefficient,  nozzle  discharge  coefficient  and  specific 
heat  ratio  of  gases  has  little  effect  on  the  ballistic  C7cle.  The  effect  of 
nozzle  variations  might  greatly  effect  recoil,  however,  a  point  not  investi¬ 
gated  in  this  study.  An  example  of  results  obtained,  the  effect  of  a  linear 
burning  rate  equation  on  weapon  pressure  is  shown  in  fig.  5* 

Since  the  coapletlon  of  this  study  other  weapons  have  been  analyzed  by 
this  means  and  suggestions  made  for  ways  to  ijqprove  their  performance.  Once 
the  analog  computer  is  set  up,  it  is  possible  to  make  a  himdred  or  more 
solutions  for  different  parameter  values  within  one  day.  The  feasibility  of 
certain  new  weapon  systems,  such  as  rocket  assisted  guns,  have  also  been 
Investigated  by  this  method,  resulting  in  quite  a  saving  over  e^qperimental 
studies.  It  is  hoped  in  the  future  that  the  computer  simulation  will  become 
one  of  the  steuidard  steps  in  the  creation  of  a  new  weapon  system. 
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IHE  RBSFONSE  OF  A  TAPEEBD  CANTIISVER  BEAM  WEN 
A  TRANSIENT  FORGE  IS  APPLIED  AT  IHE  END 

by 

A*  8*  Eldip 

BaUistie  RaMareh  Laboratorlat 


mrooDucTioN 

In  recent  years  several  authors  have  investigated  the  vibrations 
of  a  beam  attached  to  a  mechanical  system  having  lumiped  physical  con¬ 
stants.  McBride^  determlnsd  the  nozmal  modes  and  natxural  frequencies 
of  a  uniform  cantilever  beam  with  a  terminal  dasbpot.  Young^oalculated 
the  resp<mse  of  a  cantilever  beam  attached  to  springs  and  masses.  Ve 
vlU  determine  the  response  of  a  cantilever  beam  with  linear  terminal 
constraints  idien  an  arbitrary  transient  force  is  applied  at  the  end. 

Ua  will  restrict  our  investigation  initially  to  beams  having  a  power 
lav  variation  of  section  properties,  as  beams  of  this  description  have 
been  considered  by  several  authors,  and  their  results  form  a  convenient 
point  of  departure  for  the  present  study. 


I.  RESPONSE  OF  A  TAFEStED  CAHTUBVBI  BEAN  VITB 
A  TSaCOAL  SFRim,  NASS,  AMD  DASHFOT 


Consider  the  mechanical  systssi  shown  in  the  diagram  below: 


m  B  mass 

c  «  viscous  damping  constant 
k  B  spring  constant 


The  equation  of  motion  is 


7? 

— jCNI  — 5)  +  pA 


0 


(1) 
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The  boundary  conditions  are 
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Y(i,  t)  -  0  (2) 

t)  .  0  (3) 

t)  -  0  (U) 

t)  +  Gy^(o,  t)  +  kr(o,  t)  -  p(t)  -  [Eir„(o.,  (5) 

p(t)  -  0,  t  s  0  (6) 

P(t)  »  P,  t  >  0  (7) 

f(x,  0)  .  0  (8) 

0)  .  0  (9) 

The  laplace  tranafomij  defined,  by  the  equation 
oe 

y(x,  a)  -  J  t)dt, 

0 


vas  used  to  remve  the  tljae  variable  froa  the  above  ayetea  of  equations* 


lEiy„(x,  •)]  ^  +  a^pdy(x,  a)  -  0  (10) 

rU,  •)  -  0  (U) 

y,(i,  •)  -  0  (12) 

Ely„(0,  a)  -  0  (13) 

(ma^  +  oa  +  k)y(0,  a)  +  [»I3rjQj(0»  •^x  “  a 


Consider  a  oantllever  beaa  In  ehloh  the  seotlon  properties  vary 
as  a  power  of  the  distance  fToa  the  tip. 

El(x)  -  El(i)  •  (J)® 


(15) 


(16) 
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pA(x)  =  pA(i)  •  (j)^ 

Tb»  IQMS  of  the  been  Is 
i 

pA(x)dx  - 
o 

!Ibe  static  deflection  curve  due  to  a  temlnal  load  F  is 

^0^*^ "  gf(iirg  -^gT(3 

The  static  spring  rate  is  given  ^ 

<«) 

for  beaaw  of  reotangular  cross  seotion,  the  seotion  aodulus  is  given 

Z(x)  -  Z(i)  •  (|)  i  (20) 

The  stress  at  the  outside  fiber  of  the  beaa  is 

(a) 

These  equations  show  that  the  paraneters  a  and  0  are  subjeot  to  certain 
restrictions: 

d  >  -  1  Finite  oass  of  besa. 
a  <  +  2  Finite  deflection. 
a  +  fi  <  2  Finite  bending  stress. 

The  problem  nagr  be  rendered  dlaensionless  bj  the  following  series 
of  substitutions: 
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X  “  qf 

^ 


or  •  »  -  X 


-an^+4  .  El(i) 


pA«)  •  t 

“  -  leSriT  ”  TTrrjS; 

ci  c  1 3  -  a 


’•HTIT 


ki^  (3  -  a)k 


Equotlon  (6)  now  boeonon 

Let  6  -  p  -  a  +  ^ 

Ihen  the  series  solutions  of  (22)  ere 

^  6(g  '4-  a"?)r8  5  '■'  3)  ^ 

.0+1 


y5(«)  -  ♦  TJ-V  f!  <,)(b  V  S  .  o){»  +  1)((>)  * . * 


.5-ortS 


(22) 


(25) 


3^2^*)  "  *  ■"  Xt  V  l)(fe)(fe%  a  »  17(8'  V  d  ■:  5)  . ■*■ 


y^(€)  -  e^"®  +  rS  "d)(»  »  1  -\a)  ^ . 

If  a  «  1,  /g  3^4  coincide,  end  oust  he  replaced  hy  the  logarltlSBle 
solution 


2-C(+h 


y4(€)  -  y2(€)log  c  +  + 1  +  ^-^) 


6+1 


6*^(6  +  l)(B  -  1) 


+  e  s  •  ^ 
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These  solutions  satisfy  the  following  boundary  oondltlons  at  the  origin: 


yi(«)  1 

y2(«)  0 

yjC®)  0 

(Eq*  26)  0 

y^Cc)  (Eq.  27)  0 


ay^Cs) 

de 

0 

1  • 
0 
0 
0 


i^y^C*) 

- 

de^ 


0 

0 

0 


d 

3c 


0 

0 

(5  -  a)(2  -  a) 


(2  -  a)(i  -  a) 

1 


0 

0 


(28) 


The  transform  of  Y(xt  t)  la  of  the  form 
y(x,  s)  »  c^(8)yj^(e)  +  C2(8)y2(c) 

+  o^(»)y^(t)  +  ejj^(a)y,^(e) 


On  referring  to  (I3)and  (26),  ve  see  that 


o,^(s)  -  0 

The  remaining  ooefflolents  are  readily  obtained  by  applying  Craanr's 
rule.  On  combining  the  results  according  to  the  rules  for  adding 
determinants,  ve  find 


y(x,  s) 


beKTT 


yi(<) 

y2(«) 

y^(t) 

yi(x) 

y2(^) 

y^M 

yi*(A) 

y2’(^) 

y^'M 

+  irx  ^^tr) 

0 

(2  -  a)(3  -  < 

ViM 

y2(^) 

y^(x) 

yi'(x) 

yg'M 

y^’M 

(29) 


Qhe  deflection  Y(x,  t)  may  be  found  by  using  the  Bromwich  Inversion 
Integral.  Let  a  ^  f  +  Icq,  ^^>0;  then 


Otee  Integral  la  an  analytic  function  of  a.  The  only  alngularltlea 
are  poles  vAilch  occur  at  a  •  0  and  at  the  roots  of  the  frequency  equa¬ 
tion 

a(x)  ■  0 

^re 

(-ux®  +irx  i  ®  >  t)  0  (2  -  a)  (3  -  a)x^"® 

^x)  -  y^^Cx)  ygCx)  y^Cx)  (3i) 

Xj^'Cx)  y2'(x)  yj'Cx) 

It  will  be  shown  subsequently  that  all  the  poles  of  y(x,  s)  In  the  s 
plane  lie  on  or  to  the  left  of  the  imaginary  axis.  Let  X^>  Xg  ...  X^ 

be  the  rMite  of  this  equation  In  order  of  Inereaalng  modulus  and 


(52) 


The  residue  at  the  origin  is 

11a  sy(x,  s) 

s-eO 

If  the  daoplag  constant  7  Is  sufficiently  small,  the  reaalnlng  poles 
are  siinple  and  the  residues  may  be  found  by  differentiation.  Let 

y^C*)  y2(«)  y^(«) 

p(*)  -  y^Cx)  y2(x)  yj(x) 

y^'Cx)  yg'Cx)  y^’Cx) 
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1)1 


and  let 

q(*)  -  bA(x) 

Tiion  the  residue  at  the  pole  s  *  s^  In  the;  upper  half  plane  is 


rr  p(s)  _ 

mu 

as 


V 


or 


F5J^ 

^07 


y2(«) 

yjC*) 

y^Cx) 

ygCx) 

yjCx) 

y^'U) 

yg’Cx) 

yj’CxJ 

\mk) 

5x 

^ooa  a>^t  +  1  sin 


.V 


since 


B 


^  k 

:5s  “T 


Let 


pI») 


vhen  \  residue  at  *q  *  ^  lower 

half  plena  is 

s'  t 

rit,  xje  “ 

ISie  sum  of  these  residues  Is  real.  Let 

Re(r^),  finCr^)  be  the  real  and  Imaginary  parts  of  r(c,  X^).  On 
combining  the  above  results,  ve  find 


Y(x,  t) 


U2 
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vr 


O  -  a) (2  -  a)(l  +  Am) 


-  (5  -  oXf)  ♦  (2  -  a)j 


^  Oo 

-  [Be(r^)coa  o^t  -  lm(r^)ila 


(55) 


If  the  daoq;>lng  constant  y  la  zero,  i/  and  lQ>(rj^)  sro  both  zero,  and 
the  aeries  solution  has  the  aliopler  form 

.5 

Y(x,  t)  1= 


Pi' 


(3  -  a)(2  -  a)(l  +ir)2i(i) 


-  (5  -  o)(f)  +  (2  -  a)] 


pai-^  ^ 


yi(«) 

y2(«) 

yi(>-) 

y2(>-) 

K) 

>• 

y^*M 

“  K 

oos  o^t  (34) 


The  charaoterlstlc  root  may  be  found  approximately  by  trunoatlhg 
the  aaccaidlng  series  for  Zi(x)  with  the  teiro  in  X^®^.  Let 


u. 


yi(>‘) 

y2(>‘) 

yi'(x) 

y2'(^) 

y2M 

y3(>-) 

y3'(^) 

.  (-mx‘ 

1 

irx  S 

1  - 


_ 2X^^ _ 

£•(8  +  a  -  1KB  +  o  -  +  a  -  5) 


♦  •  s  • 


(2  -  a)x^n  ■  -  Dli'i  a  -  5)' 


a(x)  =  (-mX°  +  irx  +  k)uj^(x)  (2  -  a)(3  -  a)x^  Uj(x)  (35) 

If  the  tip  of  the  beam  Is  free,  the  Arequenoy  equation  reduces 


to 


U3(X^) 


(56) 
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U3 


or 

h  ^  &(&  +  a  -  "1)(8  -  £')■(&  +'  a  ■-■5} 

If  on  the  other  hand  the  tip  ia  binged,  ve  have 

Ui(x^)  -  0  (38) 

or 

E(r*ink  +  a'^  DU  -  0^3) 

Let 

"*1  “  ^  BW+im  +  a^'^DCft  -  a  +  3)  ^~~a:  iy(r/ V  a  -3) 

and 


Tj^  ■  T  +  3  -  a 
Then,  approxiaately, 

-  iijX®  +  irx  ®  ®  +  T,  -  0, 

i  6„  1’’  - I’*  ♦  ‘•Vo 

\  ^  ^  ■■  ■—  ■  iTM—  -■—  ■  i  ■  ■ 

On  referring  to  Eq.  (32),  ve  eee  that 


(»«0) 


/-■  IT  ** 

y  pd(i)  •  ^  ^ 

+  \/**Vi  ■  ^  /  11(1)  .2 

- - -g  - -  / '■  ■  ^  *'  I.  If  W,|*,>7 

^'*1  V  pd(l)  •  i'* 


Critical  daaqping  000  jtc  when 
2 


(41) 

(42) 
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Tue  first  eharasterlatlc  root  la  then  repeated  giving  rlae  to  a 
double  pole  In  the  transform  y(x,  a).  Terms  of  the  form  t  cos  (o^t 

o 

and  t  sin  oil!  will  then  occur  In  Eq.  (33) •  If  7  »  E<1*  (^)  wiH 

have  two  real,  vinequol  roots,  and  the  system  vUinje  pverdanqped  In  the 
first  mode.* 

Orthogonal  function  theory  may  be  used  to  show  that  t  <0  when  the 
damping  constant  c  la  >  0 .  Let  y(x,  s^)  be  a  normal  function  satisfying 

Eqs.  (10-13)  and  the  homogeneous  boundary  condltioxi 

(ma^  +  as  +  k)y(0,  a)  +  [Ely^(0,  •  jj  -  0  (1+3) 

Then  the  complex  conjugate  of  y(x,  s^)  will  satisfy  Eqs.  (11-13),  the 
differential  equation 

If^xx^**  ■n^xx 

and  the  botindary  condition 

(m^  +  08  +  k)y(0,  Sj^)  +  -  0  (1+5) 

We  may  show  that 

I 

*^®n^  ’  *n^^  f  “n^^ 

o 


In  the  case  of  a  uniform  cantilever  beam  with  a  terminal  dashpot,  McBride 
has  shown  that  arltical  daisplng  and  over-daaping  cannot  occur  in  modes 
higher  than  the  first.  This  fact  is  probably  true  of  cantilever  beams 
of  non-uniform  cross-section  with  a  terminal  mass,  spring,  and  dashpot. 
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Now  “n  “ 

•n  -  ‘b  ■  2*% 

•n  ■  ‘n  • 


On  ualng  the  boundary  oonditlona  (13  and  (43),  ve  find  after  some  reduction 


w  «  - 
^n 


cy(o»  •n)y(o,  B^) 


(46) 


2  jffly(0,  s^)y(0,  ej  +  J pAy(x,  ej^)y(x,  8^)dx^ 


Nov  a  congplex  number  times  Its^  conjugate  is  real  and  positlTs;  therefore 
♦^<0  if  0  >  0 


and 


■  0  if  0  «  0 
n 


This  res\ilt  would  be  expected  on  physical  grounds. 
By  means  of  a  similar  analysis  we  find  that 


(4?) 


'  4^(x,  .,)  l^(x,  .„) 

El — -  -rs  —  <^ 


dx 


dx" 


(48) 


+  ky(0,  •n)y(0»  •J  =■  -  ~^y(0,  S^)y(0,  aj 

% 

On  comparing  the  coefficients  of  o  in  Eqs.  (46)  and  (48),  we  find 


d  y(0|  Oq)  a  y(o,  s^) 


U.  2  ^  2 

♦n 


ky(0,  tjj)y(0,  s^)  +  J  El - 2 - ^ 

0 

X 

«v(0.  ‘JrO,  .^)  +  y ft^o,  ^mo,  ,^Ux 


dx 


(49) 


-  o 
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Ii6 


(50) 


Equation  (!X))  la  the  usual  energy  equation  for  the  circular  frequency; 

(49)  Is  the  corresponding  equation  for  the  modulus  of  the  conqilex  circular 
frequency  + 


dynamic  EFFICmCY  OF  BEAMS 


The  present  study  Is  the  outgrowth  of  a  design  problem  which  vose 
In  the  Ballistic  Research  Laboratories  at  Aberdeen  Proving  (hrouzui. '  A 
spring  device  was  required  to  respond  accurately  to  large  forces  of 
rapidly  varying  magnltvide.  In  order  to  apply  approximate  engineering 
analysis  to  the  test  results 1  It  was  necessary  for  the  spring  device 
to  respond  essentially  with  a  single  degree  of  freedom  #  Due  to  the  hlj^ 
forces  and  relatively  low  spring  rates  encountered,  the  spring  element 
was  fairly  heavy,  and  It  was  suspected  that  the  distributed  mass  might 
cause  appreciable  response  In  the  hl^cr  modes. 

The  beam>type  spring  device  built  at  the  Ballistic  Research  Labora¬ 
tories  Is  represented  schematically  In  the  figure  below: 


VJe  will  consider  only  the  response  to  a  step  function  of  force  applied 
to  the  moss,  ra,  as  the  respozue  to  other  terminal  forces  may  be  found 
by  using  Duhamel's  Integral. 
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U7 


Equations  (1-9)  of  Part  I  apply  provided  ve  set  k  *  0,  e  >  0  In 
Eq.  (^)«  Ws  nay  find  the  nonal  elastlo  ourvee  by  setting  t)  - 

yj^(x)  308  a^t; 


.2  p  d^y  -1 

4  [si  -4J 

dx  dx  J 

-  ‘Si^p^n  •  ® 

(51) 

d  r.. 

1  '  ® 

(52) 

i\(o) 

BI - -  0 

dx*^ 

(53) 

o 

■ 

> 

(54) 

• 

(55) 

It  Is  convenient  to  use  the  Influenoe  function  sad  its  bilinear  expan¬ 
sion  In  terms  of  noraal  elastic  curves  to  solve  this  problasit  Oie 
response  ooefflolents  are  expressed  in  texas  of  energy  Integrals  and 
other  parameters  of  the  system.  The  effects  of  a  change  In  system 
parasMters  «;von  the  response  of  the  first  mode  may  then  be  detezalned. 

The  Influenoe  funotlen  Q(x,  c)  Is  the  equillbrlun  dlsplaossant 
of  a  point  X  caused  by  a  unit  load  at  c .  It  satisfies  the  differential 


equations 

OSttxKi 

40]-^ 

0SxK€%i 

nie  Influence  function  and  static  deflection  curve  y^(x)  satisfy  the 
boundary  conditions  (^-9^). 

Under  fairly  general  conditions,  the  Influence  function  vlU  possess 
the  absolutely  and  uniformly  convergent  bilinear  expansion 


iiB 
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0(x,  «) 


X 

n«l 


ya(x)yj€) 


(56) 


It  is  arldent  that  7^(x)  -  FC}(X|  0).  the  final  asprootlm  for  the  dgmaala 
deflection  ia 


y(x,  t) 


y^(x)  -  2 

hal 


Pya(0)y^(x) 

- r- 


(57) 


Ihe  response  coefficients  for  cantilerer  beasM  ney  be  defined  as  folloeat 


Y(0,  t)  -  y^(0)  Q.  -  r  cos  fl^tj 
-  i  ^  ®n 

*)  ■  ■  *1  °°*  “'•*] 


A  cooiparisan  of  equations  (^7)  and  (^9)  sbovs  that 


W^(0) 


>9r/(0)  +  JpA/j^^dx 


(58) 

(59) 

(60) 


(61) 


Ibis  coefficient  has  an  obvious  intepretatlon  in  terns  of  kinetic 
energy.  In  oases  of  interest  B,  diffnrs  far  nore  froa  unity  than 
either  A,  or  Cn  #  end  foms  a  oofivenient  basis  of  oonpurison  in  neasuring 
how  far  a  beaiu-mass  systen  departs  frosi  single  degree-of-freedoa  nation. 
In  order  to  find  B^  exactly,  the  coa^lete  so).ution  of  the  Bernoulli' 

Bttler  equation  is  required.  Reasmable  bounds,  however,  nay  be  derived 
from  the  influence  function,  which  is  the  solution  of  a  nuoh  sinpler 
equation. 
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The  notion  of  reduaed  sasa  la  frequently  used  to  asoount  for  the 
effecta  of  the  dletrlbuted  saas  upon  the  fuBdooental  frequency  and 
kinetic  energy  of  a  beeffl-iiiasa  ayetcm.  It  Is  defined  aa 


i 


We  aee  that 


(62) 


(63) 


The  aboiw  relatione  ware  derived  for  a  eantileeer  beaa*  Kerer- 
theleaaf  they  hold  for  aore  general  oonditiona  of  eonetraiaty  provided 
the  aeewptionB  eftilch  underlie  thie  de-velopnent  are  etlU  Talld*  >o 
energy  niiBt  paee  betueen  the  bean-naae  eyeten  and  the  aoiiportjiag 
etroetoie  md  thie  etrueture  enet  reatraln  the  bean  agaiaat  lifld  body 
notion.  In  the  tOble  belov«  a  oo^parleon  le  aade  betneen  the  exaet  and 
VproslBate  valuee  of  Bj.  for  eertajn  unlfOm  beaae* 
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m 


VALUES  OF  B,AI]D  -r  CERTAIN  UNIFGRM  BEAMS 
^  “b 


ir-i 

“b  2 


Exact 

Cantilever 

.863 

Central  Mass 
Ends  Hinged 

.754* 

Central  Hass 
Ends  Built  In 

.800* 

3^  Upper  Bound 

.86U 

.755 

.802 

B^  Lover  Bound 

.857 

.758 

.766 

“r 

—  Upper  Bound 
“b 

1/k 

8/15 

“r 

—  Lower  Bound 
“b 

33/lkQ 

13/35 

In  the  above  equations,  m  corresponds  to  a  tenalnal  mass  fixed 
by  the  conditions  of  the  test.  The  kinetic  energy  of  the  beau  must  be 
reduced  in  order  to  liqnrove  the  dynamic  response  of  the  beaa*nass 
system.  This  is  done  by  increasing  the  stressing  efficiency  and  at 
the  same  time  minimlzinG  the  reduced  mass  of  the  beam.  However,  the 
strength  and  energy  requirements  of  the  beam-mass  system  must  be  main¬ 
tained,  and  the  beam  should  be  readily  fabricated.  The  last  condition 
sets  a  practical  limit  to  the  improvement  in  response  which  may  be 
obtained  by  redesigning  the  beam. 

Let 

F  a  maximum  load 
S  ■  maximum  stress 
o  »  stress  at  given  point 
1  «  Young's  modulus 
k  ■>  spring  rate 

p  B  density  (mass  per  unit  volutae) 

V  B  volume  of  beam 


*These  figures  are  derived  from*  data  given  by  H.  P.  Qay,  Reference  (6) 
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Tho  static  efficiency,  a,  is  defined  as 

a  =  -ijy  f  o^dV 
VS  ^ 

By  equating  the  internal  strain  energy  to  the  vorh  done  on  the  beam, 
we  may  show  the  minimum  mass  of  the  beam  is 


AH  the  factors  but  a  are  determined  by  the  characteristics  of  the  beam 
material  and  the  required  characteristics  of  the  special  spring  device. 

Consider  again  a  cantilever  beam  in  which  the  aection  properties 
vary  as  a  power  of  the  distance  from  the  tip  (1>>21).  The  static 
efficiency  is 


The  mass  of  the  beam  is 

%  »  JpMx  » 

o 

The  reduced  mass  ratio  is 


ffl 

b 


“b 


and  the  net  efficiency  ratio  is  : 


Let  ^  jt  +  then,  on  referring  to  Eq.  (6^)  we  find  that 


*  I  -  (>  -  o)t 


When  a  is  fixed,  the  extremes  of  this  Inequality  are  decreasing  functions 
of  8.  He  should  take  8  os  large  as  possible  subject  to  the  condition 
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a  H  2.  Let  6  -  2  -  a;  then  for  cantilever  beams  of  unlfonu  static 
bending  strength  we  have 


(3  -  a)T  + 


We  see  that  ^  may  be  made  as  small  as  we  please  by  taking  a  large  and 

cL 

negative.  However,  the  only  values  of  a  idilch  are  practical  for  engineer¬ 
ing  purposes  lie  in  the  Interval 


1  $  a  $ 


In  the  table  below,  the  mass  ratio  ~  is  taken  to  be  *  . 

®b  2 


VALUES  or  THE  REDUCED  MASS  RATIO  AND  3^  FOR 
CANTILBVER  BEAMS  OF  UNIFORM  SOSENOTH 


1,0  .0667  .0853  .985  .982 

1.1  .0706  .0884  .964  .981 

1.2  ,0749  .0940  ,984  .980 

1.3  .0796  .1001  .983  .978 

1.4  .0848  .1066  .982  .976 

1.5  -0905  .1143  .980  .975 

The  combined  effects  of  increased  stressing  efficiency  and  more 
favorable  mass  distribution  decreases  the  net  efficiency  ratio  ~  from  ^ 

for  a  uniform  cantilever  beam  (a  «  S  «  O)  to  1/36  for  a  linearly  tapered 
cantilever  beam  (a  ^  s  i)  having  the  same  strength  and  energy 
ciioracteristics . 
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T{IB  RESPOHSE  QP  UNIPCRM  ASD  LZBEARLY  TAPERED  CAETZXXVER  BEAKS 


Cantilever  beama  of  uniform  cross  section  were  used  In  the  first 
special  spring  device  constructed  &t  the  Ballistic  Research  laboratories. 
A  dlagratn  is  shown  below. 


The  response  to  a  step  function  of  force  may  be  obtained  by  setting 
aaO,  2>=0|ka0in  Eq.  (l*9)>  ^  series  (23-2^)  are  then 

expressed  in  terms  of  hyperbolic  s^  circular  functions.  The  character- 
Istic  eqmtlon  is 


-  ^  l(coah  X  sin  X 
“b 


cos  X  sinh  X)  (1  cos  X  cosh  x) 


0 


The  circular  frequencies  are  given  by 


\die3:e  X^  is  the  n^^  positive  root  of  the  frequency  equation.  The  motion 
at  the  free  end  is 


where 
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12  faoth  -  cot  Xjjj] 

Si  -  “*  *•«)] 

The  acceleration  of  the  uase  m  is  given  by 

n  ft* 

Y++  “  r  COS  01  t 

tt  in  ^  n  n 

j.' 

\dicre 

3  coth  -  cot  _ 

“  “b  ,2X.„  2^  +■  (1  ♦  ^XMti  -  oot  X3) 

The  strain  at  the  built-in  end  is  given  by  the  series 

T„(i,  t)  •  H  t  -  s  c^«)  “•  v] 

n=l  J 

m  3 

Calculations  were  carried  out  for  the  mass  ratio  ^  'this  was 

considered  the  most  unfavorable  ratio  that  woxild  occur  in  practics. 
The  results  are  tabulated  below: 

RESPONSE  COEPFICIEirrS  PCSl  A  UNIFORM  CANTILEVER  BEAM 

B  5 


n 

A. 

B 

n 

in. 

1 

1. 146 W 338 

1.0000 

.999461111 

.863269 

+1.022259 

a 

3.99951130 

12.171 

.000517*«0 

.066194 

-  .026047 

5 

7.1132135 

38.497 

.00001859 

.023801 

+  .0049776 

4 

10.241683 

79.806 

.000002159 

.011874 

-  .001694 

■s 

13.376078 

136.13 

.000000442 

.007074 

+  .000767 
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V/e  sec  that  only  the  acceleration  coefficient  differs  markedly 

from  unity.  The  approximate  analysis  of  Fart  II  indicates  that  a 
linearly  tapered  cantilever  hcam  should  respond  more  faithfully  to  a 
transient  forse  applied  at  the  end.  Acoordinglyi  the  second  spring 
device  VOS  constimcted  of  linearly  tapered  beams  of  constant  static 
bending  strength ^  as  shovm  in  the  diagram  below: 

F(t) 


The  response  to  a  step  function  of  force  may  be  found  by  setting  a  m  Q, 
k  =  0  in  Eqa.  (1-9)  and  a  »  1>  B  =  1  in  the  equations  of  Fart  I.  The 
deflection  may  be  expressed  In  terms  of  the  funotiona 


^1 


,  1  1  •  5  €® 

1  * 


•  as 


2*€^  2  •  6 

^2 "  ®  ■‘■Tr5r‘'Trn5^^  *•* 

%rtilcti  are  solutions  of  the  differential  equation 


+  2y  -  ey  =  0 

'€€€€  ''€€€ 


These  series  were  first  given  by  A.  Odo  in. his  study  of  turbine  blades. 


The  freqv»ncy  equation  is 

a(x)  =  0 
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wliero 


^X)  - 


B  2 

0 

-1 

y^Cx) 

y2(x) 

TjCx) 

yi'(x) 

72* (X) 

yj'Cx) 

frequency 

of  the 

node  la 

’iiii 

the  n  poaltlva  root  of  the 

deflootlon  lo 

,  T(x,  t)  -  ^Ijj  (i  -  *)' 


■’Stir  £ 


y^Cc) 

rj(€) 

yj(«) 

T2’(\) 

000  a^t 


ISm  dltyltn— at  at  tlio  ftm  and  la  giran  bgr 


Bm 
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where 


*n 


"Tssiy 
\  —sr 


yj'Cx,) 


The  corresponding  aoceleration  is  given  by 

where 


B 


n 


2x^m 

yjCXj,) 

n 

yg’^n) 

"b  sr 


The  strain  at  the  ftree  end  Is  given  by 


V®’  *>  ■  nriT 

where 

yi<Sx)  y2<\) 

4 

°n - ssngi - 


On  referring  the  oharaoteristlo  equation,  we  see  that 


for  all  values  of  n.  A  similar  formula  Is  true  for  all  besms  of  unlfoni 
static  bending  strength. 
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The  functlona  Vy  together  with  their  first  three 

derivatives,  wore  calculated  hy  the  Co^putiag  Laboratory  of  the 
Ballistic  Research  Laboratories.  The  oharacteristic  roots  and  Fourier 
coefficieats  wore  then  found  by  desk  polculatioa.  Cm  values  of  these 


constants  for  a  mass  ratio  — 

“b 


I 


are  given  below. 


RESPONSE  COBFFICiarES  FOR  A  LZXEAXLT  CAPERED  BEAM 


n 

Si 

m  3 

Si 

B  -  0 
n  n 

1 

1.26397436 

1 

.99969708 

.9563696 

2 

4.10791986 

10.963 

.00029922 

.0315259 

3 

7.13977 

31.908 

.00000600 

.0066287 

4 

10.29647 

69.844 

.00000094 

.0022464 

5 

13.3893 

112.144 

.00000000 

.0010133 

Sum 

.9999997 

.9977859 

This  tehle  shows  how  a  more  favorable  aass  distribution  reduces  the 
kinetic  energy  of  the  bean.  Che  estiuated  value  of  estiaated  by 

Raylie^'s  awthod  is  .9yfk,  an  error  of  only  l/lO  of  1)(. 


The  response  coefficients  were 
of  ^  a  ^  .  This  coostant  strength 


also  calculated  for  a  mass  ratio 
charaoteristios  os  a  unifora 


oantilever  beau  having  a 


sass  ratio 


5 

5  * 
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RESPONSE  COEFFICIENTS  FOR  A  LINBARLf  TAPERED  BEAM 


n 

^1^  oP|b 

U 

B  *  3 
n  n 

1 

.96741174 

1 

.9999Ck7& 

.98523 

2 

4.08611 

17.840 

.00003439 

.01078 

3 

7-13179 

54.347 

.OOOOOO76 

.00222 

4 

10.23263 

112.32 

.00000006 

.00075 

5 

13.38313 

138.34 

.00000001 

.00034 

Sum 

1.00000000 

.99934 

We  see  that  the  aooeleratlon  raaponse  of  the  tapered  caatllerer 
beam  closely  approxlaates  the  response  of  a  isassless  spring  for  the 
aaes  ratio  used  here.  The  figure  «  663  obtained  for  the  cantilever 

beast  of  uniform  cross  seotlon  should  be  ccnpared  vlth  the  value  B^^  ■  .983 

shown  In  the  table  above.  There  is  a  corresponding  ItBprovassnt  In 
the  A^  coefficient. 


Noraal  deflection  curves  fen*  uniform  beams  subject  to  various  end 
constraints  have  been  published  by  Dsn  Bartog  axid  others.  It  was 
oemvenlent  to  grajAi  the  normal  deflection  curves  for  the  tapered  beam 
In  dimensionless  form.  Ois  length  of  the  beam  equals  the  charaeterlstlo 
loot;  the  deflection  scale  la  arbitrary.  The  base  of  the  beam  Is 
built  In;  the  tip  was  either  hinged  or  free.  These  cerrespond  to  the 


limiting  values  of  the  ratio  ^ 

■b 

equation  Is: 


-  »,.n  • 


m 

■b 


OQ  .  The  deflection 


y2(«) 

yjCe) 

hK'> 

yi’<^) 

Pg'Ua) 

Jfj'CS,) 
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The  oharaoteristlo  roots ,  the  soallsg  constant  and  the  eonatants 

S.  are  tabulated  helov. 


nDUCnOf  CCRSTAHIS  rCR  A  ZAFEHB)  CAKTIZZVBR  BEAN 


-  0 


n 

.  Sx 

Sp.a 

!iz£ 

1 

2.6752 

1.0000 

2.83554 

1.50406 

2 

5.5718 

.2000 

-20.84760 

+12.57850 

3 

8.6883 

.0200 

•»297. 42400 

-178.12100 

4 

11.8152 

.0010 

-4931.18000 

+2954.16000 

5 

14.9494 

.0001 

490799*80000 

.54395.30000 

2 

fttn  this  table,  It  la  found  that  >  7>1^7;  vhloh  BMjr  be  eoavared 

vlth  the  value  7.16  given  by  Ono*  The  remaining  roots  apparently 
have  not  bean  given  previously,  even  In  the  extensive  tabulation  of 
charaoterlatlo  roots  published  by  D.  Krlnoh. 

Similar  oaloulatloae  ware  made  for  a  tapered  beam  hinged  at  the 

tip. 


napiJOTZoir  coBsiaans  wm  a  cAnniD  bban 
TIP  amoBD  •  BAS  BOUT  n 


n 

8 

OpU 

^2,n 

^3,n 

1 

4.0750 

1.000 

+3.92382 

-2.90119 

2 

7.1278 

.100 

-l<6 .00^10 

+35*14440 

3 

10.2307 

.010 

+715.68100 

-545.85500 

4 

13.3820 

.005 

-12452.30000 

+9496.11000 

These  deflection  curves'  are  shown  in  Fig.  1  and  2. 
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ANALYSIS  OF  AN  INFINIIS  PLATE  OONTAININO  RADIAL  CRACKS 
ORIOINATINO  AT  THE  BOUNDARY  OF  AN  INTERNAL  CIRCULAR  HCLE 

by 

0«  L«  Bovlc 
Vatertovn  Arsmal 


I«  INTRODUCTION 

Considerable  advance  has  been  made  in  recent  years  In  the 
Implication  of  energy  type  theories  in  detemining  the  influence 
of  cracks  in  the  spscinen  geometry  on  the  strength  of  the  specimen* 
o^r  to  apply  theories  such  as  that  developed  by  A*  A*  Orifflth 
L(l)JS  necessary  to  calculate  the  elastic  strain  energy  of 
the  system*  Althoui^  only  the  boundary  stresses  and  displacements 
are  actually  necessary  for  this  ealculetion^  one  mast  nevertheless 
formally  solve  the  problem  as  a  ehole  to  obtain  this  information* 

This  paper  is  ooncemed  with  the  solution  of  a  particiilar  class 
of  plane  problems  in  elasticity  arising  ftrom  a  distribution  of 
radial  cracks  of  finite  length  originating  at  the  boundary  surface 
of  a  circular  hole  in  an  Infinite  ^ate  under  the  tuo  load  systems 
Shoim  in  Figure  1*  The  geometzy  of  the  Intexinal  boundaxy*  Xt  can 
be  conveniently  discrlbed  by  considering  the  plate  as  the  complex 
s  -  plane  idiere  z  ■  z  iy  ■  re^^*  Ihen«  if  the  center  of  the  hole 
lie  (^een  as  s  ■>  0«  ue  specif  that  the  radial  cracks  lie  along 
Q  •  0,  2^,  •  •  •  $  (K-1}2«7T  idiere  K>1  is  an  integer*  for  t!^2, 
m  further  restrict  our  attention  to  cracks  of  equal  length*  ** 

Tho  load  systems  mill  be  considered  in  detail*  The  first  of 
these  (illustrated  in  Figure  la)  is  the  ease  of  uniform  tensdUm 
at  infinity  mith  ^  free  from  applied  load*  In  addition  to  its 
plane  stress  applications,  this  case  enables  us  to  study  the  plans 
strain  problem  corresponding  to  inteziuiX  pressure  acting  in  hollow 
cylinders  of  very  large  mall  thickness  mith  longitudinal  cracks 
originating  at  the  inside  surface*  Indeed,  this  latter  problem 
can  be  studied  by  superimposing  the  solution  corresponding  to*  uni- 
fiorm  hydrostatic  pressure.  The  second  load  system  mill  be  taken 
as  tension  (in  one  direction)  at  infinity  as  illustrated  in  Figure 
lb,  again  mith  X  considered  as  free  from  applied  Ibad*  This  latter 
ease  ariees  in  the  plane  stress  problem  of  radial  cracks  at  the 
boundary  of  a  circular  hole  in  a  very  large  thin  plate  under  tension* 

The  problsae  described  above  can  be  most  oonvonlently  handled 
by  the  ooivlez  variable  method  of  Nnsbellsvlli  £(2)J  for  solving 
plane  problems  of  elasticity* 


*  )hnjbers  in  braoWets  refer  io  the  references  at  ihe  md  of  tkie 
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IZ.  STRESS  AmUSIS 
A*  Foraulatlon  of  the  Problem 


The  oon^lex  variable  method  of  Ifuehallsvlli  depends  upon  the 
representation  of  Airy's  stress  funotlon,  U  (x,  y),  In  terns  of 
two  analytic  funotlons  of  the  oomplex  variable^  s,  nanely,  (s) 
and  '/^(s),  >diere 

U  U,  y)  s  ReCl^(s)  d  5]  (l) 

With  this  representation  the  stress  oonponenbs  in  reotangular  00- 
ordinates  oan  be  written  as 

<ry  ♦  <rx  ,  2C^(l)  ♦  a  4  ReC^'(s)]  (2) 

<7y -(Ti  ♦  2irxy  a  2  "l  ^"(s)  (5) 


where  the  prime  notation  denotes  differentiation  with  respeot  to  1 
and  the  bars  denote  the  oomplex  oonjugates.  The  oondltlon  that  a 
boundary  'V'  be  load-free  oan  be  expressed  as 

^(s)  4  sT’OO  ♦  Pit)  s  0  ,  saT  (4) 


It  Is  oonvenleat:  for  the  purpose  of  enforolng  the  boundary 
oondltlon  (4)  to  Introduce  an  auxiliary  oomplex  plane,  thef 
-  plane,  suoh  that  the  unit  olrole,  Cm  e^F  ^  and  its  exterior  In 
the^  -plans  are  napped  Into  T  and  Its  exterior,  respectively, 
by  the  analytic  fxinotion 

(6) 

The  stress  funotlons  P  (s)  and  (s)  oan  be  considered  as  funotlons 
of  the  paraneter  ^  ;  In  faot,  to  si^llfy  the  notation  we  shall 
designate 

i  (6) 

(/'(•)  siHw(£l  ='■/'(£) 

Thul,  s  )/u/(£  )«  etc.  and  tha  boundary  oondltlon  (4)  oan 

be  written  as 

p  Or)  +■  uj  C<r)  r  //  ir)  =  O  (7) 

The  analysis  of  the  problem  requires  the  determination  of  the 
funotlons  P  i^  )  and  )  sdiloh  are  analytic  for  |(  | 
satisfy  the  loading  conditions  at  infinity  and  on  tne  unit  olrole. 
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B.  The  Ihpping  Function 

The  mapping  function  (S)  for  this  problem  can  be  expressed 
in  differential  form  as 

d./.  .  (1  -  (1  4  2£t  -k  4  5  (6) 

idiere  £  is  a  real  constant  sudx  that  0«f€|^  1  and  -*he  denominator 
is  considered  positive  at  s  1  in  order  to  define  the  proper  branoh. 
By  Tsrying  (  ,  the  crack  depth  can  be  adjusted  to  assigned  values. 

The  integer  K  determines  the  number  of  radial  oraoks.  It  is  evideut 
from  the  structure  of  Equation  (8)  that  the  exterior  of  the  unit 
oirole  in  the  ^  -plane  is  mapped  conformally  into  the  exterior  of 
the  corresponding  boundary  in  the  s  -  plane.  Finally,  from  synnetry 
it  is  clear  that  the  unit  oirole  is  napped  into  a  oiroular  boundary 
interrupted  by  K  symnetrioally  distributed  radial  oraoks  of  equal 
depth. 


The  mapping  function  defined  in  differential  form  by  (8)  oan, 
in  general,  be  found  in  olosed  form  by  quadrature.  For  K  m  1,  it 
oan  be  shoim  that 

The  form  of  the  mapptBg  ftenotion,  however,  inereases  in  ooiqplexity 
with  larger  integers,  K. 

For  the  purpose  of  the  subsequent  stress  analysis,  it  is 
desirable  to  find  a  series  representation  of  U>(^ )  converging  on 
and  exterior  to  the  unit  oirole.  The  form  of  suoh  a  series  is 
evidently 


OO 

n  -  1 

where  o  andv^ie  A  *s  are  real  coefficients.  The  coefficients 
oan  be  oonvenlent¥y  ooiiq>uted  from  the  following  recursive  fonnulae, 
determined  by  expanding  both  sides  of  (8)  in  series  and  equating 
ooeffioients  of  eq\ial  pcwers  of  ^ 

-21  A,  .  ^2  * 

-aiA,  4Aj^2  ♦Vi 


(11) 
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3-^,  =  <x., 

.  ^4^-^  A  =»<.3 
54+ 


(12) 


end 


oC|^  3  -2(1  -  oosoC)  8inK»<./ein^  ,  oos  oC  ■  -  6 

The  unit  olrole  in  the|[  -plane  is  the  circle  of  convergence 
of  the  series  (10)  since  singularities  occur  on  the  unit  oirole  at 
the  roots  of 

J2K  ^2^*41.  0  (15) 

It  can  be  shoen^^^  that  lin  A^  :  0;  thus,  by  a  nell-knoim 

n  -^oo 

theorem DWH  the  series  (10)  converges  at  all  points  on  the  oirole 
of  convergence  except  at  the  singular  points  described  above.  This 
property  is  useful  in  that  it  provides  for  a  systeaatlo  scheme  for 
obtaining  polynomial  appraxinations  of  the  napping  function. 

C.  Method  of  Solution 


Were  it  not  for  the  unknown  character  of  the  singularities  of 
(^)  andf/(f  )  on  the  unit  circle,  the  problem  could  be  solved 
by  siiqply  assusdng  a  series  developaent  of  the  two  functions  with 
the  proper  conditions  at  infinity,  substituting  into  the  condition 
(7),  and  determining  the  numerical  valxies  of  the  coefficients  from 
the  set  of  relations  obtained  by  equating  ooefflciests  of  equal 
powers  of  0".  This  approach  would  lead  to  Ixonediate  difficulties 
as  it  will  be  shown* that  V^(  |^  )  must  admit  sls^le  poles  on  the  unit 
oirole  at  those  points  corresponding  to  the  notch  roots.  Further¬ 
more,  certain  singularities  appear  to  exist  at  the  points  on  the 
unit  oirole  corresponding  to  the  Junction  of  the  cracks  and  the 
oirole.  The  forms  of  these  latter  singularities  appear  too  diffi¬ 
cult  to  establish  a  priori.  A  completely  rigorous  solution  o^  the 
problem  would  require  that  a  series  expansion  of  ^  (^  )  and 
in  which  terms  corresponding  to  sinq>le  poles  at  the  orabk  roots%e 
added  to  the  series  for  0^  be  examined  for  convergence  on  the 

unit  oirole.  Although  there  is  every  reason  to  believe  that  this 
procedure  is  possibly  theoretically,  severe  practical  difficulties 


1.  The  proof^  is  particularly  simple  for  K.s  1*  From  (9),  it  osn  be 
seen  ^at  the  A^^'s  behave  essentially  as  the  Legendre  polynomials. 
The  proof  is  more  difficult  for  2, 
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ionedlately  are  enoounbared.  Although  the  infinite  syetem  of 
linear  Bimultaneoua  equations  which  determine  the  ooeffioients 
of  the  series  is  amenable  to  numerical  solution,  it  is  difficult 
tc  determine  rigorously  the  properties  of  the  ooeffioients 
neoessary  to  examine  oonrergenoa. 

The  method  of  solution  which  will  be  used  in  this  analysis 
oirounnrents  direct  consideration  of  the  second  type  of  singularity 
mentioned  above  by  considering  polynomial  approximations  of  the 
isapping  Ainotion.  An  aoourate  description  of  the  stress  distribu¬ 
tion  at  ihe  oraok  roots  is  obtained  by  introducing  cusps  to  describe 
the  oraok  roots  and  their  neighborhoods.  Convergence  of  the  poly¬ 
nomial  approximation  to  the  exact  problem  can  then  be  considered 
a  matter  of  ohoosing  a  .sufficiently  aoourate  polynomial  approxima¬ 
tion  of  the  mapping  function  such  that  a  closer  approximation  will 
not  affeot  appreciably  the  values  for  the  information  desired. 

In  the  following  analysis,  we  shall  denote  polynomial  approxi¬ 
mations  of  the  mapping  function  by 


(14) 


The  existenoe  of  ousps  at  locations  corresponding  to  the  oraok 
roots  is  ensured  by  demanding 

where  g(^  )  is  a  polynomial  with  coefficients  suoh  that  the  roots 
of  g(ll|r)  3  0  fall  inside  the  unit  circle.  Due  to  the  convergence 
of  (10),  suitable  ai^roxlnmtions  can  be  obtained  by  setting 

modifi cations  of  the  A^'s  being  made  to  satisfy  (16). 

® •  The  Case  of  “All-Around"  Tension  at  Infinity 

For  uniform  tension  at  infinity,  illustrated  in  Figure  la, 
the  applied  loading  can  be  expressed  as  rL  3  cry  s  T  on  |2-l  r  R> 
where  R  is  very  large.  It  can  be  shown^  tlUt  tpr  this  loadixv 
conditio^  the  stress  iVinotions  ^  )  sutd  (^(^  )  behave  ascTC/^ 

andCTlfolf  respectively,  for  large  |j^|  .  , 


2.  A  detailed  disoussion  of  the  stress  functions  for  injKnite 
regions  can  be  found  inC(^3* 
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The  singularities  in  the' stress  Ainotions  due  to  the  existence 
of  cusps  can  be  determined  by  the  following  argument .  If  there 
were  no  boundary  irr^ularities  in  (14),  it  can  be  shown*  that 
the  stress  function  is  a  polynomial  of  the  form 


(16) 


By  regarding  the  solution  for  polynomial  mappings  with  cusps  as  a 
limiting  case  of  this  solution,  it  is  evident  that  ^  (t  )  will  still 
retain  the  form  of  (16)  even  thou^  cusps  are  permittea.  To  deter¬ 
mine  the  form  of  (/^  (^  ),  it  is  convenient  first  to  express  the 
boundary  condition  (7)  as 

Oo»'C<r)  <p(<r)  —  uoOr-)  (17) 

The  function w'(  i>  analytic  exterior  to  the  unit  circle 

and  is  given  as  a  continuous  Ainotion  on  the  Unit  circle  by  (17). 

If  the  ooeffloienbs,o(.^,  are  chosen  so  that  the  coefficients  cf 
all  positive  powers  or  ^  in  ihe  laurent  expansion  of 

'^'(X)<^('/v*^o/p^'(n  (18) 

vanish,  we  can  determine  explicitly  in  terms  of  the  napping 

function  and(^(f  ).  Multiplying  both  sides  of  (17)  by  l/Ztri 
(d~-,f  )  and  integrating  around  the  unit  circle,  we  obtain  by  a 
well-known  theorem* 

w'(S)V'(f)=  -  (19) 

Thus,  idle  stress  function  l^(J^)  has  simple  poles,  -each  located  at 
a  cusp  root. 


All  that  is  required  to  complete  the  analysis  is  the  determina¬ 
tion  of  the  ooeffioients  oC_  in  the  series  expansion  (16)  for  {6  (^  ). 
Equating  coeffioipnts  of  all  positive  powers  of  f  in  the  series 
expansion  of  (18)  yields  the  following  system  or  linear  simultaneous 
equations  for  the  dsteraination  of  theoc^-^t 

.  /^-P  N»p 

^*^1  epfr.otflO-‘n«)<-€.p/a=0  (20) 

p.l,}.,  ■  ,w 


9.  K.g.,  the  case  for  t  m  i,  ■  2  has  been  discussed  by  Morkovln 
C(5)j  in  some  detail. 

4.  Reference  [1(40 f  P*  145. 
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It  18  evident  that  the  state  of  stress  is  not  affeoted  by 
the  addition  of  a  linear  express ioi^  of  Ihe  fom  C  ^  1  s  4  ;9i  ^oC 

to  ^  (z)  or  a  ooinplex  oonstanb,  ^4  iG\  to  ^(s).  The  oonstants 
C'<  S  and  zoay  be  oonsidered  as  zero  in  this  problem.  For  X>  2, 
the  constant  c<. has  been  chosen  as  zero;  thus,  a  value  of  is  ^  . 
necessary  to  identically  satisfy  (7).  For  X  s  1,  the  constant  «C^ 
is  established  as  zero  by  the  equation  D  a  1  in  (20);  thus,  oC  aoo. 

Is  debertained  to  satisfy  (7).  '  ^ 

S.  P.e  Case  of  Tension  in  One  Direction  at  Infinity 

Fcr  the  loading  a  T,  Illustrated  in  Figure  lb,  the  analysis 
is  quite  parallel  to  that  of  Section  D.  It  can  be  diosmLldO  that 
for  this  loading  condition,  the  stress  fbnotions  4(.X)  snd 
approach  CT]f/4  and  CT|^/2,  respectively,  for  large|{;'|  •  The  stress 
function  ^  ^  )  is  again  a  polynomial  end  has  the  form 

Ml  ■  [r/V  “S,  /  '"5  (a) 

The  oonstanb  does  not  ocntribute  to  the  stresses;  instead,  it  is 

determined  in  tine  sense  of  the  last  paragraph  of  Jeotion  D. 

To  deteralne  ^C^),  we  note  that  has  a  simple 

pole  at  infinity;  in  fact , ) <^(ir) ^  C*T^/8 .  With  the  ex- 
oeption  of  the  point  at  infinity, is  analytlo  exterior 
to  the  unit  olrole  and  is  given  as  a  continuous  Amotion  on  the  unit 
oirole  by 

(17.) 

If  the  coefficients  oC^  are  chosen  so  that  the  funotion 

-  large! , 

m  can  again  determine  the  Tunotiontf'C  r  )  in  terms  of  the  aan>iBg 
funotion  and  ) ;  in  fact,  again  we  fi^ 

(i»') 

Due  to  the  relative  lack  of  stress  sysnetry  for  this  case, 
it  is  difficult  to  present  the  linear  systems  of  sisultaneous 
equations  for  the  determination  of  the  ^^'s  in  a  oospaot  mamier 
for  an  arbitrary  integer  K.  Therefore,  only  the  systesM  for  the 
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8inp;le  crack  (K  ■  l)  and  the  two  crack  (K  ■  2)  cases  will  be 
explicitly  formulated. 

For  K  ■  1, 


v-P  ^  / 


P-/,5/oN 


P-5. 

(22) 


For  K  s  2, 


III.  APPLICATIOM  OF  THE  (ffilFFITH  CRITOIOH 

The  critical  stress  for  which  the  radial  cracks  begin  to 
spread  will  now  be  detemined  from  general  considerations  of  the 
total  energy  of  the  system  as  developed  by  A.  A.  Griffith  "(Dj  in 
his  theory  of  rupture  of  brittle^  materials,  such  as  glass  and 
oast  iron. 

This  theory  is  based  on  the  existence  of  oraoks  on  the  surface 
or  in  the  interior  of  the  solid;  thus,  rupture  is  assumed  to  be 
conditioned  primarily  by  the  extension  of  an  existing  crack*  The 
spreading  of  a  crack  is  aoooiqpanied  by  an  increase  in  energy  pro¬ 
portional  to  the  inorease  im  surface;  on  the  other  hand,  under  the 
aotion  of  a  given  external  stress,  the  potential  energy  of  a  oraoked 
solid  is  lower  than  if  there  were  no  crack.  If  an  extension  of  the 
oraok  leads  to  a  deoreaee  in  total  energy,  the  system  beoomes  un¬ 
stable,  the  crack  spreads,  and  the  material  fractures. 

The  critical  stress  is  that  value  of  the  applied  load  for  sdiich 
the  total  energy  contribution  of  the  oraoks  is  a  maxissaa.  Its  value 
can  be  obtained  Arom  the  oonditi(»i 

^  a  -2K  h  0  di/  (24) 


-a 


(28) 


P=/ 

P>l 


E,  Uodilloations  of  this  'ttxeory  to  aooount  tor  local  plastic  defonM- 
tion  occurring  in  ductile  metals  have  been  made  by  several  authors, 
e.g.,  Orowan,  Referenoe 
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whoro 

V  ■  Vo  -  Vo  ■  Boduotlon  of  tho  potential  energy  due  to 
the  introduction  of  radial  oraoke 

Vo  a  Potential  energy  of  the  eyetem  with  radial 
oraoke 

Vo  ■  Potential  energy  of  the  eyetea  without  orartte 

K  a  Nunher  of  radial  oraoke 

h  s  Thiokneea  of  the  epeoinen  (axially) 

8  ■  Surface  tension  per  unit  area 

X  a  Length  of  the  radial  oraok  (s) 

A.  Oaloulation  of  the  Reduotion  in  Potential  Bnergy,  V 

1.  thiiform  tone  ion,  T,  at  infinity. 

For  the  oaee  of  uniform  tenaion,  T,  at  infinity,  the 
potential  energy  for  the  oraoked  aolid,  Vo,  ie  giren  by 

Vo  .  ^ ^  (*6) 

where  az,  and  U#  are  the  atreee  and  dieplaoemenfe  oomr 

ponenta  in  polar  ooordinatee. 

In  order  to  oon^are  the  difference  in  potential  energy  wildi 
and  without  radial  oraoke,  it  ia  reaeonable  to  refer  to  the  exact 
geowetry  rather  than  polynoaial  approxinationa.  Thia  will  now  be 
carried  out  by  referring  the  atreee  funotione  to  the  original  a 
coordinate  eyetem.  The  application  of  the  reeulta  obtained  by 
polynomial  approximation  of  the  boundary  will  then  be  carried  out. 

The  Integrand  in  (25)  oan  be  expreaaed  in  terma  of  the  atreae 
funotione  ^(e)  and  (^(t)  by  obaerring  that 

(Xp-i Zlfg  \]r^  (26) 

and  ^ 

udiere,  in  terma  of  Yovmg’a  Vodulua,  B,  and  Poiaaon'e  ratio,  o~ 

Mm  b/2(i  4<r) 


(28) 
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(3  4^)  for  plane  stress 


TV  a  3  “  4^“ 


for  plane  strain 


Thus,  but  for  the  constant  factor  2A4,,  the  real  part  of  the  pro¬ 
duct  of  (26)  atxl  (27)  yields  the  bracketed  portion  of  the  integreiid 
for  the  potential  energy. 

For  the  case  of  unlfom  tension  at  Infinity,  the  stress  fuaetlons 
hare  the  fonw 

^(■a)  *  T  [5c  +  1 V  •  •  •  J  (80) 

'^''^0,  2'"^-  '  •  •  J  (81) 

After  sene  algebra,  it  folloirs  that,  for  plane  stress. 


In  order  to  oaloulate  the  potential  energy  for  the  unoraeked 
plate,  7o,  the  stress  analysis  for  a  oonoantrlo  ring  with  inner 
radius  R.  and  outer  radius  t  loaded  on  the  outer  boundary  by  the 
sasie  applied  load  snist  be  carried  out.  It  Is  neoessary  to  retain 
secondary  .effects  In  order  to  arrlre  at  the  oorreot  value  of  the 
energy  difference.  The  aotual  distribution  of  applied  load  including 
secondary  terns  can  be  deterained  by  substituting  (30)  and  (31)  Into 
(86)  and  evaluatiag  ^  **  1.  »  .  The  solution 

of  the  corresponding  boundary  value  problem  for  a  concentric  ring 
can  be  found  in  a  straightforward  nanner^  axkt  for  plane  stress. 


4-  (i-m  - 


m^)  [< 


The  reduction  In  potential  energy,  7  s  7o  -7o,  Is  in  Utm  linlt 

V=^trrLb.  (84) 

E  ^ 

for  the  case  of  plane  stress. 

Ws  now  proceed  to  Interpret  this  result  in  terns  of  the  previous 
analysis  based  on  oonfomal  sstpplng.  The  stress  function  (/^(^f) 
given  by  (17)  can  be  expanded  in  a  series 
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from  udiiOh  It  follcwrs  that 

A  =•  C*?;  (36) 

The  hitherto  xmapooified  parameter  C  occurring  in  the  mapping 
function  will  now  be  chosen  so  that  the  radius  of  the  circular  hole 
is  adjusted  to  a  fixed  xmit  distance.  If  d'a  dT  le  defined  as  that 
point  on  the  unit  oirole  in  the  -  plane  which  oorreeponds  to  the 
Junetion  of  the  oraok  end  the  oirole  in  the  s  -plane,  then  C  will 
be  ohoeen  so  that 


R,»  l^COT)-1 

(37) 

Thus, 

V-  {to/ c] ^  Ij 

(38) 

The  oraok  length,  ^,< measured  in  units  of  the 
oiroular  hole,  oan  be  expressed  as 

radius  of  the 

x€=  u^co/'vtor)  - 1 

(39) 

from  which  it  followst 

V-  itlEpUb-  fU) 

(40) 

where 

(41) 

for  the  case  of  plane  stress. 


Vor  plane  strain,  ihe  second  form  of  in  (29)  isast  be  used. 
Ihs  results  are  identical  bub  for  a  factor  of  1  with  those 
of  plane  stress.  In  fact,  for  plane  strain 

v= 

where  t{jL)  is  again  giTsn  by  (41). 

2.  Tension  in  one  direction  at  infinity. 

The  oaloulation  of  Y  for  the  case  of  simple  tension  at 
infinity,  or^  ■  T,  oan  be  oarried  out  in  a  msuaner  similar  to  that 
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of  the  preceding  section.  For  the  ease  of  plane  stress,  we  find 
V  ,  (43) 

where  g{JL)  s  (  *  *=^'2  DMD/^-^  ♦  s/4  (44) 

In  (44), 

OT  ^  a  ooeffloient  of  T  In  the  expansion  of  C^(  ^), 

^  e.g..  Equation  (56) 

oC.2  s  ooefflolent  defined  by  Equation  (21)  (45) 

JIA  s  ooefflolent  of  'X“^  ^n  the  napping  function  (14). 

'  Thus,  A  m£^  for  K  s  1}  A  a£^  for  K  a  2j 

A  a  0  for  S. 

B.  The  Critloal  Stress  ly  the  Griffith  Criterion 


The  critical  applied  tension,  T  ,  can  now  be  oaloulated  for 
the  different  oases  by  substituting  ^(40),  (42)  and  (43)  into  the 
condition  expressed  by  (24). 


For  plane  stress. 


For  plane  strain. 


f 


For  uniform  tension,  T 

(46) 

For  siiiq>le  tension,  (j^  z  t 

y 

(47) 

For  uniform  tens  ion,  T 

(48) 

Thus,  if  T>  T^,  the  oraok  will  beocsie  unstable  and  lead  to  failure. 

Iho  plane  strain  oriterlon  (48)  is  intended  for  the  study  of 
radial  oraoks  in  oyllnders  under  internal  pressure.  8uoh  a  load 
system  is  obtained  by  superinposing  a  hydrostatic  pressure  of  mag¬ 
nitude  P  s  T  on  the  load  system  oorrespondixig  to  the  uniform  tension 
case.  Since  it  oan  be  shosm  that  the  superposition  of  a  hydrostatic 
stress  state  will  not  affect  the  abore  oritioal  stress,  the  orltioal 
internal  pressure,  P^,  is  given  by  (48). 
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IV.  NUMERICAL  RESULTS 

The  analysis  indicated  in  the  previous  sections  was  numerically 
evaluated  for  the  case  of  two  cracks  as  shoici  in  Figure  1.  In  par¬ 
ticular,  the  stress  functions  were  evaluated  for  nine  values  of  the 
parameter  £  .  From  these  results,  the  functions  f(J^)  end  in 

the  Griffith  criterion  were  found  in  tabular  fora.  T^se  date  in  turn 
were  numerioelly  differentiated  with  respect  to  the  oradc  length,  >(£, 
and  the  critical  stresses  according  to  (46)  and  (47)  were  obtained. 

A.  Ihiiform  Tension  at  Infinity 

In  order  to  apply  -the  Qriffith  criterion  to  this  case,  it  is 
neoessary  to  numerically  evaluate  the  coefficient  ^ 
the  definition  of  it  can  easily  be  shown  by  expanding  (17)  that 

n  s  1 

It  was  found  that  ^  can  be  obtained  to  three  significant  figure 
accuracy  if  thirty  terms  of  the  polynosiial  approximation  of  the 
mappli^  function  are  retained.  The  system  (20)  for  the  determina¬ 
tion  of  the  o<^'8  was  solved  for  each  ohoioe  of  £  by  iteration. 

The  pertinent  results  of  tills  calculation  are  listed  in  Table  I. 

lABIS  I 


Calculation  of  /(£)  for  Uhifora  Tension  at  Infinlt; 


« 

, 

-  1.000 

0.000 

1.000 

-  1,000 

0.000 

.  0.866 

0.303 

1.259 

-  0.159 

-  0.707 

0.497 

1.383 

-  1.160  r' 

-  0.559 

-  0.800 

0.732 

1.500 

-  1.267 

-  0.694 

.0.000 

1.414 

1.707 

-  1.509 

-  2.018 

4  0,500 

2.732 

1.866 

-  1.752 

-  6,008 

♦  0.707 

4.027 

1.924 

-  1.852 

-11.640 

4  0.866 

6.596 

1.966 

-  1.935 

-27.660 

4  1.000 

e 

« 

oo 

2.000 

-  2.000 

-  oO 
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For  larga  valuas  ot  ^ ,  tha  solution  approaehas  tha  form  eorras- 
pcmdlng  to  tha  easa  of  a  slngla  crack  in  an  Infinite  plata.  In  fact, 

f  U)- -  (A  1)^ /2  ♦  1  (50) 

An  axanination  of  tha  tabulated  values  of  indicates  that  for 

^1  there  is  vary  good  agreement  with  Equation  (50). 

B.  Tension  in  One  Direction  at  Infinity 

In  order  to  apply  the  Griffith  criterion  to  this  case,  it  is 
necessary  to  ealei:^te  the  function  g(ji  )  given  in  (44)  •  It  can  be 
shoMn  by  expanding  (19*)  that,  for  this  ease,  with  K  ■  2 

M 

Yo  -  ^1/2  -  jj-A  *  2  ^  "Sn 

n  “  1 

The  system  (23)  was  solved  by  iteratim  for  the  determination  of  the 

^  .'s  for  the  same  values  of  £.as  previously  chosen.  The  pertinent 
*  n 

Infoimation  obtained  for  this  case  is  listed  in  Table  II. 

TABLE  II 

Caloulatioo  of  g(/)  for  Simple  Tension  at  InfinitT 


-^2 

«(/ 

-1.000 

0.00 

-0.50 

-0.50 

0.00 

-0.866 

0.07 

-0.61 

-0.62 

-0.28 

-0.707 

0.15 

-O.69 

-0.74 

-0.57 

-0.500 

0.25 

-0.75 

-0.87 

-1.00 

-0.000 

0.50 

-0.83 

-1.13 

-2.53 

♦0.500 

0.75 

-0.82 

-1.33 

-6.69 

♦0.707 

0.85 

-0.80 

-i.a 

-12.40 

♦0.866 

0.93 

-0.78 

-1.46 

♦28.80 

♦1.000 _ 

1.00 

-  -0.75 

_ =1*50 

_  00 
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C.  The  Critical  Stresses 

The  critical  stresses  for  the  cases  of  unifom  and  siit^>le 
tension,  T^*  and  respectively,  can  now  be  found  by 

differentiating  nvoaerioally  the  tabular  functions  t\Ji)  and 
t(^)  and  observing  Equations  (46)  and  (47).  These  results 
are  shown  in  Figure  2. 

For  sufficiently  large  values  of  J^t  the  o^tlo^  s^esses 
for  both  loading  oondltlons  are  proportional  to  ^ 
as  would  be  expected  from  tiie  solution  of  a  single  waul^of 
length  2(1  4j6).  In  Figure  2,  It  can  be  seen  that  for  .7 
such  an  approximation  becomes  Increasingly  good.  For 
the  behavior  of  the  solution  beoooes  oos^lloated  by  the  presence 
of  the  olroular  hole. 

Finally,  the  critical  internal  pressure,  P  ,  for  the  plane 
strain  problem  of  a  oiroular  cylinder  with  the  corresponding 
plane  geometry  loaded  by  Internal  pressure  Is  proportional  to 
the  ourve  for  T  *,  as  Indicated  by  (48)  and  the  paragraph 
following  (48).^ 
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FIGURE  2.  VARIATION  OF  THE  CRITICAL  STRESSES  WITH  CRACK  LENGTH  AS  PREDICTED 
BY  THE  GRIFFITH  CRITERION  FOR  THE  CASE  OF  TWO  RADIAL  CRACKS 
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WATERTOWN  ARSCNAL  LABORATORY 


ANALISIS  OF  THB  N-WAVE  OF  A  ELBNBER  SUPER^NIC  PROJECTIVE 


by 

!)•  H.  Steinlnger  and  F.  D.  Bannett 
Ballistic  Recearch  Laboratories 

1,  INTRODUCTION 

1»1  Intsrfsrowstrie  Method  of  Analysis 

Interferometric  investigation  of  the  fl\ild  flow  around  a  stqpereonie 
projectile  in  free  flight  gives  a  quantitative  record  of  the  density  over 
the  entire  flow  fleld*^  Experience  shows  that  the  reduction  of  fringe 


R«  Ladenburg,  High 
Qolversity  Press,  X 


•eed  Aerodxnamies  and  Jet  Prouulsion.  (Princeton 


shift  to  density  values  for  an  axisynmetrie  flow  is  a  eunibersome  and  time 


oonemsing  process  because,  in  general,  the  relatlon^lp  between  fringe 
diift  and  density  at  a  particular  point  is  not  sisple.  It  is  useful, 
therefore,  to  find  flow  regions  for  which  some  intrinsic  property  can  be 
dstemined  directly  from  the  measurements  of  fringe  shift* 


An  interferogram  of  a  supersonic  cone-cylinder  shows  two  regions  which 
have  oonspiclous  symmetry  of  fringe  shape,  suggesting  the  possibility  of  a 
sisplifled  analysis*  The  first  of  these  is  the  well  studied^'  region 


J.  H*  CUese,  F*  D.  Bennett,  and  V*  E*  Bergdolt,  J*  Appl*  Phys*  21,  1226 
(1950) 


J*  H*  Qieee  and  V*  E*  Bergdolt,  J*  Appl.  Phys.  1369  (1953) 
V*  E*  Bergdolt,  J.  Aeronaut.  Sci.  20,  751  (1953) 


J*  D*  Cole,  0.  £.  Solomon,  and  W«  W*  VJiUmarth,  J*  Aeronaut*  Sci*  ^  627 
(1953) 
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near  the  cone  In  which  the  fringes  are  necurly  straight  and  parallel.  The 
flow  here  is  characterized  theoretically  by  the  fact  that  the  physlced 
variables  are  constant  along  straight  lines  through  the  vertex.  Assumption 
of  this  flow  regularity  leads  to  a  method  of  plotting  fringe  shift  which 
verifies  In  many  Instances  the  close  approximation  of  real  flows  to  Idealized 
conical  flow. 

The  second  of  these  regions  lies  between  the  front  and  rear  shock  waves 
at  rather  large  distances  from  the  projectile  axis.  Here  the  fringes  have  a 
gentle  curvatxire  and  a  similarity  of  shax>e  which  changes  only  slowly  as  the 
distance  from  the  axis  Increases.  ^Is  similarity  suggests  an  uxiderlylng 
slsqpllclty  of  the  fundamental  flow  field.  Experiments  of  Du  Mond  et  eJ^ehov 

jr 

J.  W.  Du  Kond,  E.  R.  Cohen,  W.  K.  H.  Fanofsky,  and  E.  Deeds,  J.  Acoust. 

Soc.  Am.  18,  97  (l9‘t6) 

that  at  large  radial  distances  and  parallel  to  the  axis,  the  pressure  profile 
consists  of  a  sudden  rise  at  the  front  shock  followed  by  a  linear  decrease  to 
a  valxie  below  free  stream  and  then  a  sudden  rise  at  the  rear  shock.  Ihe  cmrve 
so  generated  has  the  shape  of  a  capital  N,  hence  Is  given  the  name  "N-wave”. 


1.2  Scope  of  the  Paper 


Using  the  results  obtained  by  0.  B.  Whltham  In  his  Improved  linearized 
theory  for  slender,  supersonic  projectiles^  we  derive  here  an  analytical 


J/O.  B.  Whltham,  Comm.  Pure  and  Appl.  Math.  ?01  (l9^2) 
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•Bproaaloa  for  the  fringe  ehlft  in  the  R-wave  region.  Ve  Investigate  the 
■ore  obvious  properties  of  this  function  and  close  vith  an  account  of  pre- 
lialnarjr  enperlaents  designed  to  test  its  validly. 
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2.  THEORY 


2.1  The  Fringe  Shift  Integral 


If  X,  r  are  the  polar  cylindrical  coordinates  of  the  axlsymietrlc  dis¬ 
turbance/  and  the  front  tip  of  the  projectile  Is  at  the  origin  with  the  line 

of  flle^t  along  the  positive  x-axls,  then  the  fringe  shift  5(x,r)  Is  related 

qI 

to  the  density  p  at  (x,r)  by^ 


8(x,r) 


(p  -  p^)  tdt 
(t  -  r  ) 


(2-1) 


^  F.  D.  Bennett^  W.  C.  Carter,  and  V.  E»  Bergdolt,  J.  Appl.  Fhys.  2?^  *»53'(l952) 

K  Is  the  Gladstone -Dale  constant,  \  the  wave  length  of  the  lle^t  In  vacuum,  p^ 
the  free  stream  density,  and  rj|  Is  the  outer  radius  of  the  disturbance  at  x. 
t  Is  the  variable  of  Integration  In  the  r  direction.  As  in  Figure  1  the  fringe 
shift  at  (x,  r)  Is  determined  by  an  Integration  of  the  density  values  found 
eLLong  the  line  from  r  to  r>. 


92 


Conf«r»nM  of  Arsenal  MsthenstAclans 


An  Inversion  of  Eqiiatlon  (2-l)  allows  the  reduction  of  fringe  shift 
measurements  to  density  throughout  the  flow  field^  Such  a  reduction  does 
not  interest  us  here;  for  our  purpose  is  to  obtain  In  the  H-wave  a  functional 
description  of  (p  -  p^)  ahd  from  it  derive  an  expression  for  the  fringe  shift 
in  that  region. 

2,2  Improved  Linearized  Theory 

The  linearized  theory  of  von  Kaman  and  Moored  for  a  slender,  supersonic 

^  Th.  von  Karman  and  H.  B.  Moore,  A.S.M.E.  Trans.  $4,  303  (1932) 

projectile  gives  solutions  vhlch  are  good  first  approximations  to  the  actual 

conditions  at  the  surfeice  of  the  projectile  but  ^Ich  fail  as  the  distance  r 

increases.  This  failure  arises  from  the  fact  that  the  Mach  lines  are  parabo> 

lae  in  second  approximation,  >dille  the  linear  approximations  to  them  are 

straight;  and  althou^^  a  curved  Mach  line  Intersects  a  straight  one  at  the 

surface  of  the  body,  the  curves  diverge  with  increasing  r.  The  Improved 

theory  offered  by  0.  B.  Whltham^sMkes  the  linear  solutions  uniformly  valid 

over  the  entire  field  by  associating  them  with  the  appropriate  second  order 

Mach  lines.  This  Improved  theory  still  is  based  upon  a  first  approximation 

to  the  potential  flow  equations  and,  like  linear  theory,  neglects  terms  of 
2  2 

order  u  ,  v  ,  idiere  u  and  v  are  the  small  perturba.tion  velocities  in  the  x 
and  r  dlxectlons.  nevertheless  it  has  the  additional  advantage  over  linear 
theory  that  the  exletence  and  position  of  the  shock  waves  are  predicted. 


with  this  background I  ve  nov  list  and  dlscuaa  those  results  of  Whlthaa 
vfalch  ve  Intexid  to  use.  Eqiiatlons  vhlch  appear  in  Vhltham's  paper  will  be 
Identified  by  the  notation  Wh  (  ). 

1.  Ihe  shock  waves.  At  great  distances  from  Its  axis  the  supersonic 
projectile  produces  two  shock  waves,  both  extending  to  Infinity.  Ihe 
eq:uatlons  for  the  shock  waves  at  lacrge  r  are  from  Wh  (k3) 

lA 

X  ■  oer  +  y^  +  Ar  (2-2) 

lAere  the  upper  sign  represents  the  front  shock  and  the  lower  sign  the  rear 

P  1/2 

shock  (a  >  (n  -  l)  and  A  and  y^  are  constants  related  to  the  body  shape). 

The  straight  line  x  •  aer  *  and  the  two  shock  waves  Interll^  the  x-axls 

at  y^.  By  Inspection  of  Equation  (2-2)  one  sees  that  the  front  shock  wave 

l/k 

lies  ahead,  and  the  rear  shock  behind  the  strale^t  line  by  the  amount  Ar  '  . 

lA 

Hhus  the  horizontal  distance  between  the  two  shocks  Is  2Ar  '  .  If  the  proj¬ 
ectile  Is  slender,  both  A  and  y^  can  be  calculated  theoretically  from  body 
shape  (Cf.  Wh  (2l)  and  Wh  (1^3)). 

2.  The  pressure  dlstrlb^^on.  When  r  Is  large  the  pressure  distribution 
between  the  shock  waves  Is  by  Wh  (71) 

(p  -  Po)/Po  ■  (cor  -  X  +  y^)  (2-3) 

where  k  ■  (/+  1)M*^2“^Aq{"5/2^  ^  disturbed,  ai^  p^  the  free  stream 

pressure.  Votlce  that  along  a  trace  of  constant  r  the  pressure  difference, 

P  **  Pq>  decreases  linearly  with  x  frosi  a  positive  value  at  the  front  shock 
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to  an  equal  negative  value  at  the  rear  shock  wave.  Midway  between  the  shocks 
on  the  straight  characteristic  x  «  ctr  -t-  P  *  ^Qie  pressure  slope, 
/M^(kr)~^(2C()~^^^,  depends  only  on  the  flow  constants  and  the  distance  from 
the  axis,  and  not  upon  the  shape  of  the  body  producing  the  disturbance. 


2.3  Density  Distribution  In  the  N-wave 


We  now  relate  p  -  p^  of  Equation  (2-3)  to  p  -  of  Equation  (2-l). 
Despite  the  seeming  sliiq)llclty  of  this  program,  some  care  must  be  exercised 
to  assure  an  approximation  consistent  with  that  of  llneeur  theory. 


It  can  be  ahown'^that  the  entropy  may  be  considered  constant  across  a 


M.  A.  Heaslet  and  H.  Lomax,  HI 
(Princeton  Uhlverslty  Press, 


cs  and  Jet  Propulsion 


shock  wave  If  third  and  higher  order  powers  of  the  perturbation  velocities  are 
neglected.  We  neglect  second  and  higher  powers  and  may,  therefore,  assume  that 
the  flow  behind  the  shock  Is  Isentroplc .  The  adiabatic  gas  low  applies ,  thus 


p/pQ  •  (p/Pq)^'^*". 


(2-4) 


Expanding  (2-4)  In  TSylor  series  around  p  ■  p^. 


In  Wh  (66)  Whltham  finds  that 


P  -  P. 


0  (u); 
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80  to  the  linear  approximation 


and 


(p/Pq) 


(2-5) 


If  ve  axihstltute  Iquatlon  (2-3)  Into  Equation  (2-5),  we  find  that 
p  -  -  p^lAc"^  (aa)-^/^  r‘^  (c*r  -  X  +  y^). 


(2-6) 


This  la  the  density  distribution  In  the  N-vave  region.  Along  a  trace  of  con¬ 
stant  r,  Its  profile  has  the  same  characteristic  shape  as  the  pressure  curve. 


2.4  Fringe  Shift  in  the  H-wave 


CoMhInIng  Equations  (2-6)  and  (2-l),  ve  obtain 


»(x,r) 


-Rkp^m^ 

1777! 


r 


Oft  -  X  +  y^ 
( — 


t  dt 


(2-7) 


bre  X  Is  constant  along  the  path  of  Integration  from  r  to  r^.  Regrovq>lng 
terms  and  ualxig  Pierce's  Equations  (135)  and  (ia6b)  we  find 
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8(x,r)  - 


>sr 


r  .  2 

1/2 

r  /  .2 

(?) 

V  or  /“ 

r*^r/  -7 

1 

■  M 

- 

(2-8) 


1b  related  to  x  by  Beans  of  the  front  shock  equation 


*  “  *  ^o 


(2-9) 


Iquations  (2-8)  and  (2-9)  predict  the  fringe  shift  In  the  N-wave. 


2^.5  -Behavior  of  the  Fringe  Shift  Ixpresslon 


We  examine  the  variation  of  &(x,r)  along  a  trace  r  «  constant  as  x 
Increases  from  to  Xg.  Xj^  and  Xg  lie  on  the  front  and  rear  shocks, 
respectively,  x^  lies  on  the  line  x  -  ocr  ■  y^,  halfway  between  and  Xg 
(See  Figure  2) 


9B  P  OonKirtiiM  pf  Anmul  Hath«Mtielana 

o  1/2  O  1/2 

Let  til)  -  (e  -  1)  ,  g(0  -  in  [ft  +  (t  -  1)  Jand  R  ■  (x  -  y^Vcsr, 

vhere  ft  ■  ^]f/^*  BjpartlcMlKr  flow  the  aagaltude  and  sign  of  /  Is 
determined  from  Equation  (2-6)  by  the  term  In  the  curly  brackets  vis. 

/f-Rg|. 

Exasilne  R.  By  caaq>arlson  vlth  the  equation  of  the  stral^^t  character¬ 
istic 


f 

<1 

X  <x^ 
0 

R  < 

-  1 

if 

x-x^ 

< 

>1 

X>Xo 

Thus  R  Increases  monotonlcally  vlth  x  from  a  value  less  than  1  at  the  front 
shock  to  a  value  greater  than  1  at  the  rear  shock.  From  the  eq:uatlon  of  the 
front  shock  wave 

1  -  (A/a)r‘^/*^4R4l  +  (A/o)r*^/^* 


The  variation  of  f(|)  and  Rg(ft)  with  ft  Is  shown  In  Figure  3  for  R^  1* 
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Tho  euiTTos  hoT*  Tortleol  tangonto  at^"  1  and  lataraaet  at  no  othar  point. 


Whan  R^l,  thay  ara  related  ae  in  Figure  4.  In  addition  to  their 
interaeetion  and  ooanon  Yertleal  tangwst  at  ^  ■  1,  they  Interaaet  at  one, 
point,  aay^  ■  ^  inereaaea  aa  R  inereaaes. 

We  can  now  exaadne  the  eaiii>lnation  of  Ametiona  -  *€l-  Aa  z 
Inereaaea,  so  does  R,  and  (when 

Whan  3^  lx  Iz^,  Rfl,  ao  f>Rg. 
forward  portion  of  the  M-wawe. 


R/1). 

Therefore,  S  la  poeitlee  in  the 


Taarlation  of  the  fonetione  f  and  8g  ehn  R>1 
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When  X  /  x<  x„,  R>  1  and 

O'  8 


When  X  Is  Just  greater  than  x  >  (  >  soj'ls  positive.  But  It  Is  possible 

.  o  c 

that  as  X  Increases,  (  Increases  faster  than  (.  If  it  does,  then  the  con- 

0 

dltlons  (q  can  occur  and  i  will  pass  throu£^  zero  to  negative  values  near 
the  rear  shock  wave.  Ihe  proof  that  ^  (i  ))^(t)is  too  con^llcated  to  be 
atten^ted  here.  We  resort  to  calculation  to  establish  the  behavior  of ^  In 
the  rear  portion  of  the  W-vave. 

A  calculation  of  |ve.  x  froai  Equation  (2-6),  using  representative  values 
of  A,  and  the  flov  constants,  yields  a  curve  that  Is  slsdlar  In  shape  to 
the  dashed  line  In  Figure  6.  Coaqmtatlona  made  at  several  values  of  r  show 
that  the  curve  decreases  In  aiqilitude  as  r  increases.  The  zero  of  the  S 
curve  occurs  about  3/k  of  the  way  between  x^  and  x^,  no  natter  what  the  value 
of  r.  This  fact  and  the  occurrence  of  the  negative  fringe  shift  will  be 
clarified  by  a  deeper  analysis  now  being  prepared  for  publication. 
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3.  FRELIMHIABY  EXFERINENTAL  RESULTS 


3.1  Ihe  Slender  Cone-Cylinder 

We  select  for  this  investigation  a  cylinder  of  .223- inch  dianeter  with 
a  conical  tip  of  20°  included  angle.  ISiis  projectile  is  both  stable  in  flight 
and  slender  enough  to  meet  the  requirements  of  slender  body  theory.  A  con- 
peurlson  of  the  results  of  Whitham's  theory  and  the  exact  adiabatic  theoi^  of 
flow  past  a  cone  shows  reasonably  good  agreement  for  Included  cone  angles  up 
to  20°.^ 

j .  2  Instnanentatlon 

To  obtain  quantitative  data  the  projectile  is  fired  from  a  caliber  .22 
rifle  approximately  along  the  axis  of  an  inclosed  free  flight  range.  The 
flow  is  observed  through  optical  glass  windows  at  the  Interferometer  station 
of  the  range  by  a  Mach-Zehnder  interferometer  with  an  6"  x  10”  working  field. 
For  the  experiments  reported  here  an  Interferogram  (Figure  ^  is  teUcen  of  the 
flow  arovind  the  cone-cylinder  at  a  Mach  number  of  2.23. 

In  order  to  record  the  disturbance  as  far  from  the  axis  as  possible  the 
gun  is  aljned  to  place  the  projectile  necu*  the  edge  of  the  picture.  Fringes 
are  adjusted  to  lie  paredlel  to  the  trajectory. 

Projectile  velocity  is  measured  between  a  pair  of  stations  served  by 
0.1  -  Me  chronograph  counters  triggered  by  inqmlses  from  photocells  which 
respond  to  fluctuations  in  light  screens  throu|^  which  the  missile  passes- 

anw  caption  for  this  figure  should  read  as  follows t  Intarfarogram  of  20^ 
inoludsd  angle*  cal.  .22$  oona-^linder  at  M  ■  2*2$,  Pq  *  ^  atass* 


Figure  5 


OonfMMDM  of  AtmiioI  HathoMtlelMii 
3.3  MeaBurement  of  the  Inter ferofiyaa 
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To  Interpret  the  Inter  ferogram  ve  measure  fringe  shifts  along  the  path 
traced  by  a  fringe  bet%reen  the  shock  waves.  '  If  r  is  the  radial  distance  to 
the  disturbed  fringe  at  a  certain  point  (x,r)  and  r^  the  distance  to  the 
same  frl^e  in  the  undlsttu'bed  region  in  front  of  the  shock,  then  S-  (r-  r^)/^, 
where  id  is  the  average  distance  between  undisturbed  fringes.  IQie  meMurements 
have  an  estimated  accvu*acy  of  +  .06  of  a  fringe.  Although  fringe  shift  along 
a  constant  r  trace  Is  discussed  In  ^  2.5,  It  Is  more  convenient  to  meas\ire 
fringe  shift  along  a  fringe  curve.  Because  the  fringe  curve  deviates  from 
r  ■  constant  by  only  a  small  percentage  of  r,  the  behavior  of  6  along  the 
fringe  Is  qualitatively  much  the  same  as  that  along  the  line  r  «  constant. 

3.4  Results 

A  comparison  Is  given  for  r^'^lO  diameters  (Figure  6)  between  6  measured 
along  the  fringe  curve  and  &  as  It  Is  predicted  by  Equation  (2-8).  The 
measured  5  la  about  .2  of  a  fringe  greater  than  the  predicted  8  at  the  positive 


Oistonce  along  tract ,  x  diamettrt 

son  of  ■essored  Aringe  shift  and  predicted  K-nwse  frlzige  sbift 
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poek  end  *3  of  e  fringe  lower  then  predioted  et  the  rear  Aoeki  It  beoonee 
lero  one  half  mlt  Ahead  of  the  predioted  curve*  These  diserepanoles  give 
the  lJ|>res8lon  that  the  actual  pressure  profile  In  this  region  la  shaped  as 
In  figure  7»  the  curve  lying  above  the  H-wsve  profile  near  the  front  shock 
and  oelow  at  the  rear  shook*  A  pressure  profile  tSken  aL.ong  a  trace  only 
a  fev  disasters  from  the  body  and  passing  through  the  conical  r<^;ion  woiild 
show  the  pressure  rising  for  a  Aort  distance  bShlnd  the  front  shook  snd 
then  felling  rapidly  below  free  streaa  in  the  espenalon  region  ooslag  off  the 
shoulder  of  the  projeotile*  As  this  profile  degenerates  with  inereaeinc  r 
to  the  final  linear  shape  of  the  V-wavef  it  peases  thread  the  iaterasdlate 
^pe  of  Figure  10*  Ivldently  we  snst  sake  obeervatlons  still  farther  away 
fron  the  projectile  axis  to  aeasure  fringe  shift  in  the  fully  devdsped 
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Experiments  are  under  way  to  launch  a  very  small  diameter  projectile  (on 
the  order  of  l/l6  Inch)  In  order  that  the  disturbance  can  be  measured  Inter- 
ferometrlcally  In  regions  at  least  50  diameters  from  the  axis.  Sub-cedlber 
(less  than  .225  Inch  In  this  case)  projectiles  are  made  to  fit  the  rifle  bore 
by  encasement  In  a  plastic  holder,  called  a  sabot,  which  separates  from  the 
projectile  after  leaving  the  muzzle  of  the  rifle,  difficulties  arise  because 
during  separation  the  sabot  Imparts  a  certain  amount  of  angular  momentum  and 
Initial  yaw  to  the  projectile,  and  causes  a  body  of  borderline  stability 
(such  as  the  20°  cone -cylinder)  to  yaw  violently  or  tumble  In  fll^t.  This 
problem  makes  It  desirable  to  use  a  more  stable  projectile  than  the  cone- 
cylinder.  A  sphere  la  a  practical  choice.  It  Is  stable,  easily  saboted, 
and  can  be  readily  obtained  In  almost  any  size. 


From  a  theoretical  standpoint  It  seems  possible  to  use  the  disturbance 
from  a  sphere  to  verify  the  predicted  H-wave  fringe  shift.  Whltham,  In  an 
earlier  paper^  shows  that  the  pressvire  profile  between  the  shocks  far 


0.  B.  Whltham,  Froc.  Roy.  Soc.  A201,  89  (1950) 

enough  away  from  any  supersonic  body  Is  linear  and  that  the  equation  of  the 
front  shock  Is  similar  In  form  to  Equation  (2-2).  We  Infer,  as  Li(B^thlll 
has  done^  that  Equations  (2-2)  and  (2-5)  from  Whitham's  slender  body  theory 


M.  J.  Ughthlll,  E 
Uhlverslty  Press,” 


slon,  (Princeton 
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apply  to  the  dlaturhaace  8\ifflciently  far  from  the  axis  of  any  auperaonlc 
projectile.  We  vlU  attenyit  to  substantiate  this  Inference  In  proposed 
experiments  with  spheres.  A  future  paper  vlU  give  a  cosqplete  account  of  the 
the  results  of  these  investigations. 


BKRAyiNa  PRESS0RB6  FOR  ROUTma  BANDS 


Aa  Bttlaate  of  Oontoet  Pronnvo  for  Oantiimod 
NoimI  Bngrovlng  of  Boetaagolar  Binda 


B.  V*  Bom«  Jr* 
NMortowi  ArMoal 


tho  prlaolpal  now  roaolt  of  Ihia  roport  oonoems  tho  nonMl  ongraving 
of  a  narrow  Inoot  band  of  rootangnlar  oroaa-aaotlon  bgr  a  flat,  rigid  dia* 
Ad  aatinata  haa  ban  fovid  for  tha  atwwraga  nomal  praaanra  raqnlrad  ta 
oontlniio  tha  angraalag  prooaaa  la  tha  aarlj  atagaa*  Ihia  aatiaata  dapaada 
oa  tha  Anitidl  ilawalnaa  of  41a  and  band  and  tha  jiald  atraagth  of  tha 
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IMTHOBUCTIPy 

In  this  report  we  shall  consider  the  behavior  of  a  rotatlnf  band 
under  the  engraving  action  of  the  rifling  in  the  forcing-cone  region  of 
a  gun  tube.  In  order  to  gain  insight  into  the  fundamental  forces  at 
work  during  this  en^'ravin.r  action,  we  idealize  the  problem  in  the  follow¬ 
ing  waysi 

(a)  The  band  is  imagined  as  unwrapped  and  laid  out  flat. 

(b)  The  band  is  taken  as  a  solid  rectangular  block,  of  infinite 
length  in  what  would  be  the  circumferential  direction  of  the  shell. 

(c)  Since  the  forcing  cone  angle  is  small,  we  assume  that  the  rigid 
lands  of  the  rifling  move  vertically  downward  onto  the  band. 

(d)  The  lands  and  grooves  of  the  rifling  occur  periodically  in  the 
cireueferentlal  direction;  consequently,  it  is  only  necessary  tc  consider 
one  band  and  a  half  groove  width  on  either  side  of  it  as  the  fundamental 
sons. 


Thus  we  consider  the  geometry  shown  in  figure  (1).  k  solid  band  of 
ductile  material  is  set  into  a  stirrounding  rigid  encasement,  and  a  rieidf 
rectangular  die  is  pushed  down  into  it  by  some  outside  agency.  We  want 
4o  fina  out  how  muen  pressure  must  be  exerted  in  order  to  pusk  the  die 
any  desired  distance  into  the  band.  The  coordinate  system  (fixed  in 
■pace)  is  shotrn  in  figure  (la),  (figure  near  end  of  MBiuBcrl|>t*) 

We  shall  assume  that  the  band  material  behaves  as  an  ideally  plastie 
■olid  (no  work-hardening),  and  that  the  loading  takes  place  slowly 
ae  that  inertia  effects  may  be  neglected,  further,  the  material  ia  as- 
auiBod  to  obey  Treeca's  yield  criterion  and  flow  rule,  and,  finally,  we 
atqqpose  that  there  are  no  friction  forces  between  the  land  and  band 
■aterlal. 

In  a  previous  report,  Oflt  we  used  the  limit  design  theorems  of 
ideal  plasticity  to  find  an  upper  bound  on  the  pressure  required  to  ini¬ 
tiate  normal  engraving  of  a  band  of  any  width  and  any  clearance  above 
ihe  surrounding  shell  body.  In  general,  this  upper  bound  depended  on 
the  band  width  and  clearance  as  shown  in  figure  (2).  Since  publication 
of  W,  a  slight  improvement  has  been  made  in  the  upper  bound  for  wider 
bands,  and  this  is  incorporated  into  figure  (2).  In  the  present  report 
we  are  concerned  with  estimating  the  pressure  required  to  keep  the  en¬ 
graving  process  going  at  any  stage  of  indentation,  l.e.  not  only  the 
initial  engraving  pressure,  but  also  the  pressure  at  any  later  time  is 
sou^t. 


*See  Bibliography^ 
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In  the  next  eection  we  etate  the  limit  design  thporeme  of  Ideal  plae- 
tieityi  and  the  third  eection  gives  the  principal  new  result  of  thle  report, 
naaely  the  derivation  of  an  estimate  of  the  normal  pressure  needed  to  con¬ 
tinue  indentation  of  narrow  hands  in  the  early  etagee.  That  ie,  it  flTee 
a  oomplete  prediction  of  the  engraving  pressure  during  the  early  hietery 
of  the  engraving  process.  Section  IV  gives  a  short  discussion  of  the  rtsuXta 
and  the  method  used  to  obtain  them. 

THE  LIKIT  DlSlPrH  THSOBIMS 


Ve  state  these  theorems  in  the  somewhat  restricted  form  that  they  take 
when  applied  to  inset  bands  of  an  ideally  plastic  material  obeying  Treeoa's 
'yield  condition  and  flow  rule  and  loaded  normally  by  a  flat  die  which  exerts 
no  friction  force  on  the  band  material.  More  general  statements  and  proofs 
of  these  theorems  may  be  found  in  (ij  and  [i[9  and  some  additional  remarks 
are  available  in  ^  . 

yirst  we  mast  make  some  definitions.  Collapse  is  defined  as  the  state 
in  which,  for  the  first  time  during  the  loading,  the  die  can  appreciably 
Indent  the  band  under  constant  noriMl  pressure,  provided  the  geometrical 
changes  in  the  band  are  ignored.  A  kinematically  ^missible  state  Is  defined 
as  a  state  of  velocity  which  satleflee  1)  all  boundary  conditions  on  veloci¬ 
ties,  2)  the  incompressibility  condition  and  3)  the  condition  that  the  rate 
of  work  of  the  external  applied  load  equals  or  exceeds  the  internal  rate  of 
energy  dleeipatlon.  If,  (as  in  the  present  report)  the  assumed  velocity 
state  consists  of  zones  of  rigid  body  motion  separated  by  surfaces  of  taiw 
gential  velocity  discontinuity,  the  internal  dissipation  rate  IsJ^^^ 
where  X  is  the  yield  stress  in  pure  shear,  AV  is  the  magnitude  of  the  vec¬ 
tor  velocity  change  across  a  surface  of  discontinuity  and  the  integral  Is 
taken  over  all  discontinuity  surfaces.  A  statically  admissible  state  Is 
defined  as  a  etate  of  stress,  which  satisfies  l)the  equilibrium  conditions,  2) 
the  yield  condition  and  3)  boundary  conditions  on  stresses. 

The  two  limit  design  theorems  are  as  follows! 

(I)  Oollapee  will  not  occur  until  the  largest  values  of  the  surface 
loads  have  been  reached  for  which  it  le  possible  to  find  a  statically 
admissible  stress  state. 

(II)  Oollapee  will  occur  under  the  smallest  value  of  the  surface 
loads  for  which  it  Is  possible  to  find  a  kinematically  admissible  velocity 
state. 


Thus,  the  load  corresponding  to  any  statically  admleslble  stress  stats 
le  a  lower  bound  on  the  true  collapse  load,  and  the  load  correeponding  to  say 
kinematically  admissible  velocity  state  Is  an  upper  bound  on  the  true  colla^ss 
load. 
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We  point  out  in  pasr.ing  that  theKc  theorems  only  ayfiy  to  problems 
having  certain  general  typee  of  boundary  conditions,  and  that  these 
conditions  are  satisfied  by  the  band  both  in  its  Initial  configuration 
and  in  the  assumed  deformed  configurations.  As  stated  these  theorems 
consider  collapse  to  occur  at  constant  load  and  neglect  the  change  in 
boundary  shape  as  time  goes  on;  that  is,  they  give  bounds  on  the  load  at 
the  first  Instant  of  uncontained  plastic  deformation. 


THE  PKiSSURS  HISTORY  IN  NORMAL  BNORAVIWQ  OP  NABBOW  BAUDS 

In  this  section  we  restrict  our  attention  to  bands  that  are  narrow 
enough  so  that  during  engraving  the  displaced  material  moves  out  the 
ends  of  the  band  and  does  not  flow  up  around  the  sides  of  the  die,  l.e.,  . 
the  material  always  and  everywhere  deforms  without  motion  in  the  x-dlrec- 
tlon,  see  figure  (la),  may  also  add  that  if  some  outside  agency  preventc 
the  material  from  flowing  up  around  the  sides  of  the  die,  the  displaced 
material  will  all  flow  out  the  ends  of  even  a  wide  band.  This  is  not  a 
far>f etched  situation  in  practioe,  for  most  guns  in  current  use  have 

(III.l)  diameter  of  groove  bottoms  >  band  diameter. 

That  is,  there  is  no  clearance  at  all  between  the  groove  bottoms  and  the 
top  of  the  band.  In  such  cases  almost  all  the  flow  during  engraving  will 
be  longitudinal;  the  only  transverse  flow  will  occur  in  the  later  stagea 
of  engraving  and  will  Involve  the  metal  which  has  at  an  earlier  stage 
flowed  longitudinally  into  the  cannelures. 

In  estimating  the  pressure  necessary  to  continue  engraving  at  any 
stage,  we  shall  use  the  second  limit  design  theorem  at  sueeessive  instamte 
of  engraving.  Just  as  we  used  it  in  [4]  for  the  initial  instant  of  en¬ 
graving.  We  recall  again  that  this  theorem  gives  us  an  upper  bound  on 
the  load  that  produces  collapse,  collapse  being  defined  as  a  state  in 
which  for  the  first  time  during  the  loading  program  uncontained  plastic 
flow  can  take  place  under  constant  loads  if  the  simultaneous  aeometrleal 
changes  are  ignored,  see,  for  example.  Ei  .  Suppose  we  know  the  correct 
deformed  geometry  of  the  band  at  any  instant  (say,  t);  then  we  choose  a 
kinematically  admissible  state  of  deformation,  and  this  gives  us  an  vqpper 
bound  on  the  collapse  load  for  that  instant.  If  the  kinematically  ad¬ 
missible  velocity  state  is  a  good  approximation  to  the  true  mode  of  defor¬ 
mation,  the  upper  bound  will  be  a  good  estimate  of  the  collapse  load  and 
the  accompanying  change  in  shape  of  the  band  will  be  accurately  given  to 
us  for  a  brief  ensuing  Interval  of  time  by  the  chosen  velocity  state. 

This  leads  us  to  a  new  deformed  geometry  at  time  t  ^  t,  and  we  may 
imagine  the  whole  process,  choosing  a  kinematically  admissible  state,  find¬ 
ing  the  new  estimated  collapse  load  and  mode  of  deformation  to  be  repeated 
at  time  t  -t-A  t.  If  this  can  be  done  starting  from  the  initial  moment  of 
oolliqpse  and  kept  up  for  a  number  of  intervals  of  length  At,  the  pressure 
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history  curve  will  be  approximated  by  a  discontinuous  set  of  horlsontal 
lines.  If  the  analysis  can  be  carried  out  letting  At-«0(  ve  shall  get  la 
the  limit  a  continuous  approximation  to  the  pressure-history  curve;  If, 
fortuitously,  ve  should  happen  to  guess  the  true  velocity  state  at  each 
stage,  ve  vould  get  the  true  preseure  history  curve. 

We  shall  use  the  idea  sketched  above  to  get  an  approximate  pressure 
history  curra.  In  deriving  our  estimates,  ve  shall  use  at  every  stage 
vmloelty  states  like  those  used  for  narrov  bands  in  L4]. 

Call  and  Hj,,  respectively,  the  band's  Initial  half-vldth  and 
olearanoe;  similarly  L  and  H  are  the  half-vldth  and  clearance  at  any 
later  stage.  During  engraving  the  value  of  H  decreasee  from  %,  and  the 

•  Lj  Hi 

value  of  L  increases  from  Lt.  We  define  0  ■  —  and  C  ■  —  .  If  for  any 

a  a 

0,  0  la  sufficiently  small  the  state  of  deformation  vlll  at,  later 

time  be  chosen  ae  shovn  in  Figure  (3).  For  larger  values  of;|l,  hovever, 
the  state  of  deformation  vill  be  chosen  as  shovn  In  Figure  (4),  for  a 
short  time  after  the  beginning,  but,  as  the  die  descends  further,  the 
overhanging  lip  vlll  eventtially  strike  the  surrounding  shell  body  eee 
Figure  fs),  and  the  state  of  deformation  becomes  as  shovn  in  Figure  (3) 
again.  It  Is  then  clear  that  tvo  types  of  deformation  may  be  distinguished 
depending  on  vhether  the  deformed  metal  comes  into  contact  vlth  the  shell 
body  or  not.  When  it  does  not,  as  illustrated  In  Figure  (4),  ve  shall 
call  It  an  optimum  flov,  and  vhen  it  does,  as  Illustrated  In  Figure  (3), 
ve  shall  apeak  of  constrained  flov.  We  shall  call  ^  bJL  and  the  tlme- 

®1 

like  variable  tdilch  measures  the  progress  of  events  vlll  be  chosen  as 
the  penetration,  ?]  >  1  -  ^  . 

We  first  deal  vlth  the  case  vhere  the  flov  is  initially  constrained. 
The  mode  of  flov  at  any  stage  is  shovn  in  Figure  (3).  Internal  dissipa¬ 
tion,  calculated  for  a  half-land  vidth  and  half-band  vldth,  takes  place 
on  the  bottom  and  side  of  the  sons  of  flov. 

Bottoai  AV  =  Vq  080  a 

Area  of  the  Bottom  >  a  L  seo  a 
KaL  Vo 

Dissipation  «  — : - 

sin  a  ooB  u’ 

Side I  AV  =  Vo  080  a 

Area  of  the  side  *  * 

KVftL? 

Dissipation  ■  ■ -O-  *- 
2  008  a 


Internal  vork  rate  •  pVqsL 
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Therefore  the  pressure  required  x'or  continued  indentation  satisfies 


Znoompressihlllty  requires  that 

(III. 3)  HL=HiLi, 

and  the  angle  a  is  given  hy 
(III.  4)  a  = 

Combining  these  results  gives  (after  some  algebra) 


(HI. 2) 


—  <  ^ 
k  “008  a 


“  1  1  L  L.1 

sin  a  e  a  L  I 


These  results  are  plotted  for  0  =  1,  2  and  3  Tlgures  (6),  (7) 
and  (8)  In  the  form  of  curves  of  ?  against  i?  =  i  -  ^  with  C  as  parameter. 
It  Is  almost  obvious  that  if  the  fiow  is  constrained  initially,  it  ean 
never  become  optimum  under  the  assumed  modes  of  deformation,  but  a  single 
proof  may  be  desirable  2ind  will  be  given  shortly. 

We  now  deal  with  the  soroewliat  more  conqplex  case  where  the  flow  is 
optimum  to  begin  with.  In  this  case  we  assume  the  state  of  deformation 
looks  as  in  Figure  (4).  The  dissipation  is  as  follows: 
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The  value  of  a,  le  found  hy  setting  the  partial  derivative  of  the  right- 
hand  side  equal  to  zero,  giving 

(III. 7)  ~8ln®  a  +  8  eln*  *-1  =  0, 

the  aaae  result  ne  was  obtained  for  the  initial  indentation  problem  in  D4l]  • 

Ve  call  the  solution  of  (IXX.7)  .  The  value  of  L  during  the  optimum 

stage  of  indentation  is  given  at  any  time  by 

(XX1.8)  L  =  +  (Hi  -H)  otn  . 

This  type  of  deformation  continuee  until  the  overhanging  lip  strikea 
the  rigid  shell  body,  i.e.  until 


(III.9)  h  *0=  H 


or 


(XZI.IO) 


0  tan  a. 


from  this  point  on  the  flow  is  constrained, 
the  value  given  by 


The  value  of  a  Jumps  to 


(XIX.ll)  *c  *  tan  (f) 
or,  (using  (XXZ.8)  and  (XXI.10)X 

(XIX. 12)  »o  =  tan,-l  tan  a^). 


from  this  point  on  the  pressure  obeys  equation  (XXX. $),  and  I  is  given 
by  (XXX. 3). 


The  oompleta  pressure  history  estimate  is  shown  in  figures  (6),  (7) 
(8)  for  0  ■  1,  2  and  3  respectively.  Xt  will  be  noted  that  a  dis- 
oontinulty  in  pressure  occurs  for  all  flows  that  are  optimum  at  the  start, 
the  magnitude  and  time  of  the  Jui^  depending  on  the  original  geometry  of 
the  band.  Analytically,  the  time  of  the  Jump  is  given  by  (XXX .9)  w^e 
is  the  solution  of  (IXX.7) {  the  magnitude  of  the  Jump  is  given'  by 


—  otn*  a^*  — 


tan* 


1  0* 

- tan 

8  C 

0 


sin  a 


ooe^a 


71  “o 


o  8  sin 


(in. 13) 
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Za  order  to  facilitate  the  oalculatioa  of  the  total  load  on  the  land, 
giren  hy 

(II1.14)  Q 

we  have  included  on  Tiguree  (6),  (7)  end  (8)  ovunree  of  Z*  aa  a  funotlon  of 

n 

When  the  flow  is  optimum,  we  have  (eee  ZZZ.8)). 

L 

(IIZ.l^)  —  a  G  *  Off  otniaQi 

ft 

we  eee  that  £  varies  linearly  with  V  »  When  the  flow  is  oonstrained,  we 

n 

have  (see  ZZZ.3)fi 

L  0 

(IZI.16)  7  =  7* 

and  the  variation  of  (l/n)  does  not  depend  on  0.  for  given  0  and  0 
values,  the  curve  for  oonstrained  flow  of  oourse  interseots  the  optimos 
flow  line  at  the  point  of  pressure  discontinuity  (provided  a  discontinuity 
ooours) . 

We  now  give  a  sl^)le  proof  that  if  the  flew  is  oonstrained  initially, 
it  oan  never  heeoae  optimum  at  a  later  time  under  the  assumed  modes  of 
deformation. 

We  rewrite  ( 111,2)  as  followst 

(,n.x7)  i<-Lf_L.  ,«1 

k  oos  a  leln  a  e J 


The  value  of  a  which  minimises  this  (we  call  it  )  satisfies  (oom>are 
(1X1.6)  and  (Zn.7)X 

(111.18)  —  siuAio  ♦  a  sin*  Og  -1  =  0 

.It  1ft  Clear  that dftpwds  on  ^  ,  and  that  for ^<1  we  haro 

(111.19)  a^{€)  >.a^(l) 

Vow  if  the  flow  is  initially  constrained, 

H 

(111. 20)  tan  ^ 
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But  for  H(f)  <  and  L(f)  >  ,  Combining  this  with  (XZZ.19) 

and  (ZZZ.20)  we  get  that  for  ^  <  i 

^  »  H.  H(f) 

(ZZZ,21)  ^  *o<^)  ^  ^  - 

L(f) 

She  first  and  last  expresslont  In  this  continued  Inequality  glTS  us. the 
statement  that  the  flow  oannot  beoome  optimum  for  £  <  i,  i.e.  for  >.  m« 
Shis  ooiqpletes  the  proof. 
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Ve  first  make  several  comments  on  the  results  obtained. 

^1)  Tor  optimum  flow,  although  the  estimated  indentation  pree* 
sure  deoreases  during  penetration,  the  total  lead  on  the  land  stays  oom- 
stant,  as  la  apparent  from  (ZZZ.6K 

(11)  Generally  speaking.  Increasing  G  causes  the  whole  ourve 
of  pressure  history  to  be  raised  and  Increasing  C  causes  the  ourve  to 
be  lowered. 

(Ill)  Tor  the  oases  where  optimum  flow  ooours  Initially,  the 
qualitative  behavior  of  the  pressure  Jxuip  Is  as  follovet  Inoreaslag  G 
deoreases  the  magnitude  of  the  Jubg>  and  makes  It  occur  earlier  In  the 
prooess,  and  decreasing  C  has  the  same  effect. 

(iv)  We  want  to  re-emphaslse  that  all  these  results  depeikl  first' 
of  all  on  the  assumption  of  no  flow  in  the  X-dlrectlon.  Vaturally  for 
sufflolently  wide  bands  and  for  small  clearances  this  condition  will  be 
violated,  and  we  would  not  expect  very  good  results  la  these  oases. 

We  have  carried  out  calculations  for  some  of  these  oases,  however,  be* 
cause  It  Is  of  some  Interest  to  see  how  much  error  Is  Introduced,  and 
because  the  results  nay  be  useful  for  the  case  (mentioned  previously) 
where  external  constraint  prev«its  flow  in  the  X-direotlon. 


Zt  still  remains  to  clarify  a  point  concerning  the  theory  under  * 
lying  this  method  of  finding  the  pressure  history.  The  point  Is  that  the 
estimate  of  the  pressure  history  given  here  Is  not  necessarily  an  vpper 
bound  on  the  actual  pressure  at  any  stage  of  Indentation  except  the  first 
instant.  The  reason  Is,  of  course,  that  at  no  Instant  after  the  first 
can  we  be  sure  that  we  have  the  correct  geometry.  Z.e.  at  each  Instamt 
we  find  an  iqpper  bound  on  the  pressure  neoeesary  to  continue  Indentatioa 
from  the  assumed  geometry;  there  Is  no  positive  assuranoe,  however,  that 
the  assumed  geometry  Is  sufficiently  close  to  the  actual  geometry  so  that 
the  pressure  found  Is  an  upper  bound  for  deformation  from  the  actual  gsom* 
etry  except  at  the  Initial  Instant. 
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Therefore  it  'le  desirable  to  view  these  results  as  followsi  If  vo 
■take  good  estimates  of  the  mode  of  deformation  at  each  .instant,  the  es¬ 
timated  pressure  will  be  close  to  the  true  pressure  at  any  stage  although 
we  no  longer  can  say  that  it  is  an  upper  bound.  Some  unpublished  ejcper- 
imental  work  on  normal  engraving  done  at  Watertown  Arsenal  by  Hr.  1.  V. 
Regge  indicates  that  the  velocity  state  used  in  deriving  the  results  of 
this  report  is  reasonably  aoeurate.  We  present  these  results  at  this 
time,  therefore,  as  an  approximation  to  the  true  pressure  history  for 
narrow  bands. 

We  may  note  in  passing  that  Onat  and  Haythomthwaite  QQ  have  recent¬ 
ly  (and  quite  independently)  used  a  method.  Intuitively  idsntloal  with  the 
one  used  here,  on  the  problem  of  finding  load-carrying  capacities  of  cir¬ 
cular  thin  plates  at  large  deflections. 

finally  we  wish  to  call  attention  to  some  normal  engraving  experi¬ 
ments  being  conducted  at  Watertown  Areenal  Laboratory.  The  results  of 
these  experiments  should  permit  a  much  more  seneible  assessment  of  the 
present  results  than  is  now  possible. 
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FIGURC  I  •  IDEALIZATION  OF  SOLD  ROTATINO  SAND  AND 


FWUNE  10  •  COONUNATE  SYSTEM.  REFERRED  TO  tNE  SNI 
(Z)  IB  IN  TNE  LONSrrUDINAL  DIRECTION,  (Y)  B  M  THE 
RAOML  DIRECTION  AND  (X)  IS  IN  THE  CIRCUMFERENTIAL  I 
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FIGURE  2  •  UPPER  BOUND  ON  INITIAL  INDENTATION  PRESSURE, 
P  FOR  D  V  .707a.  H»  CLEARANCE,  2L«  BAND  WIDTH, 
2a -LAND  WIDTH,  C«H/o,  D«  BAND  DEPTH. 

WATERTOWN  ARSENAL  LABORATORY 
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FIGURE  6  *  VARIATION  WITH  PENETRATION  (n)  OF  DIE  PRESSURE 

(p)  AND  mmJM  HALF-WIDTH  OF  BAND  (L)  FOR  6-1. 
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FI0UIC  7  >  \ARMTION  WITH  PENETRATION  (i|)  OF  OE  PRESSURE 

(p)  AND  MAOMUM  HALF-URDTH  OF  BAND  (L)  FOR  6*2. 
WATERTOWN  ARSENAL  LABORATORY 
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F18URE  8  .  \IWnON  WfTH  PENETRATION  (i?)  OF  0£  PRESSURE 

(p)  AND  MAMMUM  HALF-WOfTH  OF  BAND  (L)  FOR  0«3. 
WATERTOWN  ARSENAL  LABORATORY 


ANALOG  COMPUTER  SIMULATION  OF  AUTOMATIC  WEAPONS 


£.  H.  Jakubowski 
Springfield  Armory 

INTRODUCTION »  An  electronic  analog  coiqputer  is  essentially  a  device  used 
to  solve  differential  equations*  The  differential  equations  may  be  either 
linear  or  non-linear* 

The  coBputer  consists  of  a  collection  of  circuits  and  circuit  elementSf 
such  as  an^liflerSf  relays,  passive  electric  elements,  and  control  circuits, 
idiich  are  capable  of  being  arranged  so  that  the  clrcxilt  voltages  follow  a 
particular  differential  equation*  The  computer  then  becomes  an  electrical 
"model"  of  the  mechanical  system  being  studied* 

The  analog  conputer  is  used  as  a  design  tool*  The  process  of  stpplying 
information  to  the  computer  consists  of  setting  potentiometers  and  other  cir¬ 
cuit  elements,  and  arranging  special  fonetlon  generators*  These  settings  and 
function  generators  correspond  to  coefficients  and  functions  in  the  equations 
idiieh  describe  the  system  to  be  studied*  The  output  information,  or  solutien 
provided  by  the  eoiputer  is  usually  in  the  form  of  paper-chart  records*  In 
the  study  of  an  automatic  weapon,  displacement,  velocity  and  acceleration  of 
various  conponents  of  the  system  are  recorded  as  functions  of  time* 

The  heart  of  an  analog  computer  is  a  high  gain  d*c.  amplifier,  generally 
referred  to  as  an  operational  amplifier*  When  an  operational  amplifier  is  used 
with  appropriate  combinations  of  input  and  feedback  impedances,  certain 
mathematical  relationships  may  be  obtained* 

figure  1*  shows  the  manner  in  ^ch  an  operational  aaplifler  is  used  to 
perform  a  general  mathematical  operation*  When  the  drift  voltage  "e(j"  and  grid 
current  "ig"  are  taken  into  consideration,  the  application  of  Klrchoff's  Laws 


^Figures  have  been  placed  at  the  end  of  the  manuscript 
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vill  yield  the  general  equation  for  the  output  voltage  "eQ*  as  a  function 
of  the  Input  voltage,  drift  voltage,  and  grid  current.  But  as 
ig  <  5  X  10"^^  amps. 

e^j  <  500  X  10”^  volts  (vith  statilization) 

and  A  ^  150,000 

the  general  equation  may  be  simplified  such  that 

So  ■  -  Z^/Zj^  where  Zf  ■  feedback  impedance 

Z^  ■  input  impedance 

Figure  2  shows  the  application  of  this  equation.  The  upper  diagram  shows 
the  manner  in  idiich  sign  changing  and  multiplication  hy  a  constant  inay  be 
achieved,  idiile  the  lower  diagram  shows  the  use  of  an  operational  amplifier  to 
perfona  the  operations  of  addition  or  subtraction. 

The  tqjper  diagram  of  Figure  3  shows  the  maimer  in  ^Ich  an  operational 
amplifier  is  used  as  an  integrator.  It  will  be  noted  that  in  the  integrator 
there  exists  a  constant  "K*«  This  "K*  is  equivalent  to  the  initial  charge  on 
the  capacitor  and  is  analogous  to  any  initial  condition  ^Ich  may  appear  in 
the  problem  under  consideration. 

The  lower  diagram  shows  the  use  of  the  operational  amplifier  to  perform 
the  operation  of  differention. 

VEAPON  OPERATICN.  Figure  U  is  a  sketch  of  a  revolver  type  authomatic 
weapon,  in  vhlch  the  principal  recoiling  parts  -  the  drum  support,  slide,  and 
x^ceiver  -  are  represented  by  their  masses,  M2,  and  M^,  respectively.  The 
drum,  which  is  fixed  to  the  drum  support  but  is  free  to  rotate,  is  represented 
by  I,  its  moment  of  Inertia. 

Springs  used  in  this  type  of  weapon  are  recoil  adapters,  driving  springs, 
and  mounting  leaf  idiich  are  designated  by  their  stlffhesses  K2,  and  K^, 
respectively.  The  displacement  of  any  mass  is  denoted  by  "Z*  with  the 
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proper  subscript* 

When  the  weapon  Is  In  neutral  position,  the  driving  spring  holds  the 
slide  (M2)  against  the  drum  support  which  consists  of  the  barrel,  drum 

cradle,  and  drum  (l)*  Hie  drum  is  fixed  in  the  drum  support  in  such  a  manner 
as  to  prohibit  longitudinal  motion  (relative  to  the  drum  support)  but  pexmlt 
rotation.  The  drum  has  rollers  on  its  periphery,  at  least  one  of  which  is 
located  in  a  cam  idilch  is  cut  in  the  slide* 

Vftien  a  round  is  fired,  a  force  is  applied  to  the  drum  support,  which  tends 
to  move  the  drum  support  rearward  and  the  projectile  forward.  As  the  slide  is 
held  against  the  drum  support,  the  slide  displacement  must  be  Identical  with 
the  drum  support  displacement;  l*e.,  we  can  consider  the  drum  support  and 
slide  as  a  lusped  mass  idilch  exerts  a  force  on  the  receiver  by  means  of  two 
parallel  springs,  and  K2* 

A  short  time  after  firing,  the  moving  projectile  passes  over  a  gas  port, 
allowing  the  gas  to  expand  into  a  gas  cylinder,  which  causes  a  piston  to  strike 
the  slide  and  drive  it  rearward*  Vhen  the  piston  strikes  the  slide  the  two 
masses,  Mj^  and  M2,  are  separated  and  each  mass  is  now  displaced  by  an  amovint 
idilch  is  dependent  on  the  summation  of  the  forces  on  the  individual  masses* 

This  action  is  indicated  by  the  force  F2* 

As  the  slide  is  being  moved  rearward,  it  causes  the  drum  to  index*  While 
the  drum  is  being  rotated,  the  slide  transfers  rotational  kinetic  energy  to 
the  drum  and  stores  potential  energy  in  the  driving  springs  (K2)*  When  the  drum 
roller  reaches  the  apex  of  the  cam,  it  limits  the  rearward  displacement  of  the 
slide  relative  to  the  drum  support,  causing  the  slide  velocity  to  be  equal 
to  zero;  l*e.,  the  slide  kinetic  energy  becomes  zero* 

With  the  drum  roller  at  the  apex  of  the  cam,  the  drum  now  acts  as  a  fly 
idieel;  therefore,  the  rotational  kinetic  energy  of  the  drum  and  potential  energy 
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of  the  driving  spring  cause  the  slide  to  be  moved  forward  in  such  a  manner  that 
the  drum  is  indexed  into  battezy  position*  Some  instant  later,  the  slide  arrives 
into  battery  position,  firing  a  subsequent  round,  thereby  initiating  another 
cycle  of  operation* 

During  a  cycle  of  operation  the  slide  exerts  a  force  on  the  receiver  by 
means  of  the  driving  spring  and  any  friction  that  may  exist*  It  also  exerts  a 
force  on  the  drum  support  by  means  of  the  cam*  The  drum  support  exerts  a 
force  on  the  receiver  through  the  recoil  adapter*  The  sumonation  of  these  forces 
causes  the  receiver  to  be  displaced  if  the  stlffhess  of  the  mount  (K^)  is  not 
infinite. 

Although  the  various  springs  are  represented  by  their  stiffness  it  is 
not  in^lled  that  these  K's  are  constant*  Function  generators  are  used  to 
simulate  these  devices,  so  that  complete  variations  in  spring  characteristics 
are  permitted;  i*e*,  complete  load-displacement  characteristics  of  the  spring 


can  be  duplicated  and  easily  varied* 

EQUATIONS  OF  MOTION*  The  kinematic  system  under  consideration  may  be 

described  by  the  following  equations  of  motion: 

Case  I  (1^  ♦  M2)  Ii  +  (Ki  +  K2)  Ui  -  I3)  -  Fi(t)  -  Ff 

(Ml  +  Mg)  *4  +  (Ki  +  Kg)  (Xg  -  I3)  -  Fi(t)  -  Ff 

M3X3  +  Ki(X3  -Xy)  *  F^ 

Case  II  M  +  K  (X  -  Xj  -  F.(t)  -  F^(t)  +  F  ^ 

11113  1  2  can  Z 

Mg^  ♦  Kg(Xg  -  X3)  -  Fg(t) 

M^3  +  -  X^)  ♦  Kg(X3  -  Xg)  +  K3X3-  Ff 

T  ■  10  dO 
^  ^2  -  Xi) 


^ere 


■  mass  of  Drum  support 
Mg  ■  mass  of  Slide 
M3  ■  mass  of  Receiver 
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I  •  Moment  of  Inertia  of  Drum 
•  Stiffttess  of  Recoil  Adapter 
Kg  ■  Stiffness  of  Driving  Spring 
K^  ■  Stiffness  of  Mount 
Xi  ■  Displacement  of  Drum  Support 
X2  ■  Displacement  of  Qide 
■  Displacement  cf  Receiver 
0  ■  Angular  Displacement 
Fj^(t)  ■  Firing  Pulse 
FgCt)  ■  Piston  pulse 

F^  ■  Coulomb  friction  between  slide  and  receiver 
Case  I  defines  the  motion  before  force  F2(t}  is  applied^  while  Case  II  defines 
motion  during  and  after  the  time  F2(t)  is  applied.  These  two  cases  are 
necessary  if  the  displacements  of  the  slide  and  drum  support  are  to  be  Identical 
before  the  slide  is  separated  from  the  drum  support  by  the  gas  piston.  As  a 
continuous  record  of  the  displacement  of  each  individxial  conponent  is  desired 
from  the  analog  conputer,  the  conputer  most  transform  the  equations  of  Case  I 
into  those  of  Case  II  by  switching  circuit  parameters.  This  switching  is 
Impractical  from  the  standpoint  of  available  equipment}  therefore}  to  utilize 
the  equipment  efficiently  one  assumption  will  be  made;  i.e.}  between  the  slide 
and  drum  support  there  exists  a  single  acting  spring  having  a  very  hig^  rate* 
This  spring  will  only  act  in  conpression  and  will  exert  a  very  high  force  on 
the  slide  and  drum  suppo]:*t  ^en  the  slide  displacement  relative  to  the  drum 
sipport  tends  to  be  less  than  zero.  Dpon  introduction  of  this  single  acting 
spring  bet^en  the  drum  support  and  slidS}  the  new  equations  of  motion  are  as 


follows } 
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*  Kgdi  -  Xg)  +  Ki(Xi  -  X3)  -  F]^(t)  -  FgCt)  +  Fg„  X 

W  -  h)  * 

M3X3+  KgCX^  -  Xg)  +  -  X^)  +  K3X3  - 


F  * 
can  X 


«i 

10  dO _ 

dtXg  -  ii) 


It  vlU  be  noted  in  these  equations  that  the  firing  force  F^^Ct)  does  not 
affect  the  second  equation  directly^  but  Is  Introduced  into  the  8lld.e  equations 
by  the  tern  X^CX^  -  X^)  which  requires  that  the  slide  and  drum  support  dis¬ 
placements  will  be  almost  Identical  idien  X2  tends  to  be  less  than  X^^* 

This  relationship  Involving  the  cam  force  has  been  derived  assuadng  that 
frictional  losses  are  non-existent.  This  relationship  also  shows  that  manner 
in  idilcih  the  cam  force  in  the  longitudinal  direction  is  dependent  upon  the  cam 
shape. 


PATCH  DIAGRAM.  A  patch  diagram  is  the  wiring  of  the  analog  computer  which 
is  necessary  to  solve  a  particular  set  of  equations.  Patch  diagrams  utilize 
a  set  of  symbols  to  define  mathematical  operations  as  shown  in  Figure  5* 


Numbers  inside  of  the  block  indicate  the  magnitude  of  the  feedback  resistor 
(in  megohms)  or  capacitor  (in  microfarads)  while  numbers  outside  of  the  block 
indicate  the  reciprocal  of  the  input  resistance  in  megohms.  VIhen  a  number  is 
replaced  by  the  letter  "0*,  it  will  be  taken  to  mean  that  the  input  is  tied 
directly  to  the  grid  of  the  operational  a^plifler• 

The  tentative  patch  diagram  of  a  revolver  type  automatic  weapon  is  shoun 
in  Figure  6.  Operation  of  the  simulated  automatic  weapon  is  initiated  by  the 
momentary  closure  of  the  push  button  switch  "SV".  The  simulated  weapon 
operates  automatically  due  to  the  pulse  actuating  circuit  whldi  is  introduced 
into  the  circuit  when  the  slide  velocity  is  negative  and  the  slide  displacement 
relative  to  the  drum  support  has  some  predetermined  value  ^Ich  is  simulated 
by  the  voltage  "e". 
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The  method  used  to  synthesize  the  cam  force  is  the  same  as  that  used  In 
automatic  control  systems^  idiere  a  conqponent  Is  forced  to  move  In  accordance 
with  a  preconceived  demand* 

Accelerations,  velocities  and  displacements  of  the  drum  support,  drum, 
slide  and  receiver  may  be  measured  at  the  output  terminals  of  the  operational 
anpllflers  Indicated  in  Figure  6* 

AID  TO  A  GCN  EESIGN*  The  application  of  the  analog  computer  to  gun  design 
Is  in  the  kinematic  analyses  of  the  dynamics  of  the  principle  recoiling  masses 
of  the  weapon*  nils  Includes  vibration  problems,  trunnion  reaction  problems, 
effect  of  changing  parameters  on  the  rate  of  fire,  and  similar  problems  idiloh 
involve  the  time-dlsplacenent  relationship  between  the  moving  masses*  Once  the 
eoT:pled  systems  of  masses  have  been  set  vqp  on  the  conqputer,  the  design  engineer 
is  able  to  adjust  the  masses,  spring  constants,  losses,  and  input  functions  in 
such  a  way  as  to  study  the  relations  among  these  parameters  and  functions,  aid 
their  effects  on  weapon  operati(m*  The  designer  should  be  able  to  optimize  a 
set  of  parameters  and  make  the  best  con^romises  to  obtain  several  desirable 
operating  conditions* 

The  computer  Is  regarded  as  a  designer' s  aid,  not  as  a  replacement  for 
designers*  It  Is  not  eiqiected  to  eliminate  the  construction  of  prototypes  of 
new  weapons*  However,  it  should  reduce  the  nuniber  of  modifications  necessary 
on  each  prototype  model*  The  coaputer  should  be  eiqpected  to  save  money  be 
reducing  design,  fabrication,  and  testing  time,  because  it  Is  easier  for  an 
engineer  to  vary  a  parameter  by  adjusting  a  knob  on  the  conputer  than  by  having 
a  new  conponent  fabricated  and  tested* 
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USE  OF  OPERiTIOIUL  AMPLIFIER  TO  lERPOBM  SION  mawnTm 
MOLTIPLIGATION,  AIBITICN  ASD  SDBTBACTIDV 


1U9 


USE  OP  (HBBinONAL  AKPLIPIEE  TO  PEEFORM  INTEGEAnCK  AND  DIF; 


SIGN  CHANGER 


f 


-X| 


IS? 


SUMMER 


INTEGRATOR 


FUNCTION  GENERATOR 


MULTIPLIER 


no  $ 

ssMuai  gau)  id  moB  woods  sfEotnc  (rutioiis 


155 


no  6 

TENTAnVB  PATCH  DIAGRAM  FOR  SIMUUTIOH  REVOLVER  TYPE  AUTO  WEAPOH 


SOLIDIFICATION  OF  MOLTiN  MATERIALS  IN  FINITE  REGIONS 


fcy 

AmIho  Nordio 
Plcatlnny  Arsenal 

1.  TIm  Sami-infiiiit*  Molt«ii  Mass.' 

The  exact  analytical  solution  of  the  problem  of  solidification  of  a 
semi-infinite  mass  of  molten  material  has  been  obtained  by  N.M.H.  Lightfoot. 
The  solution  applies  to  a  liquid  mass  originally  at  uniform  temperature, 
bounded  by  the  plane  x  -  0,  and  extending  to  infinity  in  the  direction  of 
X  positive,  the  plane  x  «  0  being  kept  at  O'C.  Since  convective  currents 
are  assumed  to  be  negligible,  Lightfoot's  solution  can  be  applied  only  to 
highly  viscous  molten  materials.  The  author  also  attempted  to  solve  the 
problem  of  solidification  of  a  molten  mass  in  a  slab  of  finite  thickness  but 
was  unsuccessful  except  for  the  case  where  the  initial  temperature  of  the 
molten  material  is  equal  to  its  melting  point. 

In  order  to  solve  the  problem  of  solidification  one  must  consider  the 
effect  on  the  temperature  of  the  medium  resulting  from  the  flow  of  heat  of 
fusion  that  evolves  during  the  change  from  liquid  to  solid.  In  the  semi- 
infinite  mass,  the  medium  solidifies  from  the  boundary  x  -  0  and,  in 
Lightfoot *s  analysis,  the  plane  at  which  the  transformation  takes  place  is 
regarded  as  a  source  of  heat  moving  from  the  boundary  toward  an  increasing 
value  of  X.  The  position  of  the  moving  plane  at  a  given  time  is  determined 
from  the  condition  that  its  temperature  is  equal  to  the  melting  point  of  the 
material.  The  mathematical  solution  for  this  case  is  obtained  as  follows. 

The  temperature  at  a  point  x,  at  time  t,  given  initial  temperature  0,  with 
the  boundary  surface  x  -  0  maintained  at  OTI,  and  neglecting  heat  of 
fusion,  is  given  by 


X 

2^fKC 


where  k  is  the  thermal  diffusivity  of  the  material. 


(1) 


‘N.M.H.  Lishifeoi,  "Tlie  SolidificMioa  of  Molten  Steel,”  Proc.  London  HUUk  Soe. 
(2),  31,  (1930)  97 
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The  temperacure  at  the  sane  point  z  due  to  the  heat  of  fusion  is  oh* 
taiued  by  integrating  from  t  -  0  to  t  the  temperatures  due  to  instantaneous 
sources  of  heat: 


,JL 

2c 


‘_m_[7xp 

VtK(t-t')  L. 


Z-f(t')‘  \ 
4a(t-t'); 


-  ezp 


(- 


z  fft^)« 
daft-O 


dt'  (2) 


In  (2),  L  is  the  latent  heat  of  fusion  and  c  is  the  specific  heat  of  the 
material.  The  position  of  the  source  of  heat  at  time  t'  is  represented  by 
the  function  f(t')  which  is  determined  bom  the  condition 


(3) 

with  V  the  melting  point  of  the  material. 

Lightfoot  assumed  a  function 

z  -  f(t)  >  2k  (4) 

with  k  unknown.  By  substituting  in  (2)  and  (3)  and  through  successive 
changes  of  variabie,  he  established  that  to  satisfy  the  conditions  of  the 
problem,  the  unknown  quantity  k  is  to  be  evaluated  from 

V-^erfk  +  ki/5  ke*‘*erf  k  erfc  k  (5) 

c 

which  is  the  mathematical  form  of  condition  (3)  at  the  plane  of  separation 
of  solid  and  liquid. 

While  solidification  proceeds,  the  temperature  at  a  point  z,<2kVKt 
(in  the  solid  region)  is  given  by 

V,  -  ^  erf  — ke*‘‘erf  -5*-  erfc  k  «) 

2  yat  c  2^x1 

and  at  z,  >  2k  y/Ht  (thiough  the  molten  material)  by 

_*s_ 

2^/Kt 


V,  -  ^  erf  J[l_  +  ke‘‘*erfk  erfc 

2yp:x  « 


(7) 
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Equations  (5),  (6),  and  (7)  consist  of  two  distinct  terms  and  show  that 
during  solidification  the  temperature  at  any  point  is  obtained  by  super* 
posing  the  temperature  due  to  the  initial  supply  of  heat  (^)  and  the 
temperature  due  to  the  heat  of  fusion  (L)  evolved  during  solidification. 

A  brief  analysis  of  Lightfoot’s  results  indicates  other  properties  of  the 
flow  of  heat  during  solidification  which  can  be  applied  to  the  solutioa  of 
the  problem  for  other  cases. 

Equation  (S)  shows  that  at  the  surface  of  separation  of  solid  and 
liquid,  temperature  V,  the  melting  point  of  the  material,  results  by 
addition  of  two  terms  independent  of  x  and  t:  the  two  temperatures 
and  V|^  at  the  moving  surface  will  be  constant  regardless  of  the  distance 
of  this  surface  from  the  boundary. 

In  equation  (6)  the  ratio  of  the  two  terms  V^/V|^  is  a  constant  for 
all  points  in  the  solid  region  and  coincides  with  the  ratio  V^/V|^  at  the 
plane  of  solidification.  Therefore  the  ratio  of  flow  of  initial  heat  and  of 
heat  of  fusion. 


is  also  a  constant  at  all  points  in  the  solid.  The  value  of  this  ratio 
depends  only  on  the  values  of  V,  L,and  c  of  the  material. 

In  equation  (7),  which  applies  to  the  molten  region,  the  second  term 
at  the  right  does  not  indicate  flow  of  heat  of  fusion  through  the  molten 
material,  but  evaluates  the  amount  of  initial  heat  retained  by  the  molten 
material  as  a  result  of  added  flow  of  heat  of  fusion  through  the  solid 
region  to  the  boundary.  This  second  term  will  be  referred  to  as  (V|^)^. 
Since  the  first  term  at  the  right  is  identically  equal  to  <f>  only  at  infinity 
(x  ■  oo,  erfz  ■  1),  one  would  obtain »  0  only  when  z  s  m.  A  more 
definite  value  at  a  point  x„  with  >3,  obtained  if  the  point 

is  regarded  as  tne  center  of  a  slab  of  thickness  2z,.  In  this  case  the 

temperature  is  given  by 
« 

V  -  I  -L  sin  (2n^^l)lr  -(2ii  + 1) V  kt/4z,* 

V  n-02n+l  2 


(8) 
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With  x,/2^ju>3i  the  result  of  (8)  will  always  be  eqaal  to  But  the 
teaperature  at  x,  in  the  seni*infinite  region  cannot  be  lower  than  the 
temperature  computed  for  x,  as  if  it  were  the  center  of  a  slnb  of  finite 
thickness  and  we  may  correctly  conclude  that  when 

An  example  of  the  various  distributions  in  a  semi-infinite  mass  during 
solidification  is  shown  in  Figure  1. 


2.  Tha  Slob  2a 

In  the  case  of  solidification  of  a  molten  mass  initially  at  uniform 
temperature  and  bounded  by  the  two  plane  surfaces  x  >  0  and  x  -  2a  kept 
at  0%,  the  condition  V  "  -t- V|^  must  be  satisfied  at  the  two  planes  of 

separation  of  liquid  and  solid  moving  from  boundaries  x  >  0  and  x  >  2a 
toward  the  center  of  the  slab;  the  positions  of  the  two  planes  (^mnwtttcal 
about  the  center  x  >  a)  at  time  t  must  be  obtained  accordingly.  A  mathesMt- 
ical  treatment  of  the  problem  similar  to  that  followed  for  the  caoe  of  a 
semi-infinite  mass  proves  to  be  quite  involved  and  has  not  been  followed. 
As  suggested  by  Lightfooc  it  is  assumed  instead  that  in  the  beginning, 
solidification  proceeds  from  each  boundary  independently  and  that  the 
position  of  the  surface  of  separation  of  solid  and  liquid  in  the  region 
0<x<a  is  given  by  x  2k  Via  with  k  obtained  from  ($)  as  for  the  semi- 
infinite  case;  the  position  of  the  plane  surfnce  moving  in  the  region 
a<x<2a  will  be  given  by  x  «  2a— 2k  Via  * 

According  to  this  assumption,  and  using  the  dimensionless  variable 


the  three  distinct  tenq>eratares  which  ate  superposed  at  a  point  x/a>2kVF 
are  obtained  from  the  following: 


y.  .  =  _i_  sin  <2nj^  ^_<2n  +  l)»i,»r/4 

^  '  a-b  2a 


(VlV  - 


(10) 


ke''*erfk  erfc 

2a^ 


(11) 
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V,  -  ^-^ke‘'*effk  erfc  k 


(12) 


Because  of  synmetry,  (11)  can  be  regarded  as  being  due  to  original  heat 
retained  at  z  as  a  result  of  heat  of  fusion  flowing  to  boundary  z  *  28,  and 
(12)  accounts  for  heat  of  fusion  flowing  to  boundary  z  ■  0.  It  is  found  that 
the  sun  of  (10),  (11),  and  (12)  is  equal  to  V,  the  nelting  point  of  the 
■aterial,  up  to  a  nazimun  value  r,  which  dependa  on  the  temperature  at 
X  B  a,  the  center  of  the  slab.  During  solidification,  this  total  temperature 
is  given  by 


y  . iji  2  5^-  Sin  i2!L^  e-(2n  +  l)Vr/4 

»  n-0  2“+l  2 

+  2^ke*'*erfkerfc^ 


(13) 


The  mazimum  value  r,  for  which  (13)  equals  the  initial  temperature,  is 
the  limit  of  the  independent  stage  of  solidification.  Vhen  r  b  r,,  the 
surface  of  separation  of  solid  and  liquid  will  be  found  at 


z,/a  B  2k^ 


(14) 


The  boundary  conditions  to  be  .satisfied  during  this  first  stage  are  obtained 
from  (11)  and  z  -  0.  As  indicated  previously  in  (9),  when 


-^>3, 


(15) 


(V|_)^  can  be  assumed  to  be  identically  equal  to  zero. 


From  r  B  0  to  r  B  r,  the  total  temperature  distributions  through  the 
solid  sections  bounded  at  z  b  0  and  at  z  -  2a  will  coincide  with  the 
tenq>ersture  distribution  obtained  in  the  solid  section  of  the  semi-infinite 
SMSS.  The  ratio  of  flows  and  ratio  of  temperatures,  which  are  constant  at 
the  sources  and  through  the  solid  sections,  will  be  ezpressed  as  follows: 


<>IV^+(Vl)^]  V^+(Vl)^ 

dVL  "  Vl 


(16) 


162 


Confsrenee  of  Arsenal  Mathamatlelaiie 


The  various  temperature  distributions  for  a  numerical  example  at 
r  m  r,,  are  shown  in  Figure  2. 

For  solidification  in  the  range  x,  <x<a  it  is  assumed  that  the 
position  of  the  plane  of  separation  of  solid  and  liquid  is  given  by 

x/a  -  -b  +  2k^  (17) 

where  b,  k^,  and  r,  are  all  unknown  and  must  be  determined  from  the 
condition  that  the  temperature  at  the  moving  plane  or  planes  is  always 
equal  to  V.  Also  when  r>r, ,  heat  will  flow  from  the  center  x  >  a  toward 
both  boundaries  x  -  0  and  x  >  2a,  and  the  new  function  must  reflect  a 
rate  of  solidification  higher  than  the  rate  given  by  x/a  >  2k 

The  condition  of  continuity  of  the  two  functions  of  r,  x/a  >  2k  ^ 
and  (17),  at  r„  and  of  their  first  derivatives,  gives  two  relations  between 


the  three  unknown  quantities 

(18) 

x,/a  ■  -b  +  2kf^y/r,-r^ 

(19) 

For  solidification  at  x  «  a  we  have  also 

1  -  -b  +  2kg  Vr^  -r, 

(20) 

The  new  parameter  appearing  in  (20)  refers  to  time  of  solidification  at 
the  center  of  the  slab  x  ■  a  and  can  be  evaluated  directly  if  the  value  of 
at  the  time  the  two  sources  merge  at  x  -  a  can  be  pre'established. 

During  the  first  stage  V|^  at  the  source  is  constant  but  beyond  x  -•  x, 
we  may  observe  any  one  of  the  following  treads: 

(a)  Temperature  V|^  at  the  source  increases 

(b)  Temperature  V|^at  the  source  decreases 

(c)  Temperature  y^at  the  source  remains  constant  and  equal  to 

tj/!?  ke'^’erfk  erfck 
c 

as  for  the  senu-infinite  mass. 
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For  case  (c),  of  cooscaat  V|^>  can  be  evaluated  fram 
V.4^  ;  1  sini22^%-^2“+l)W-< 

ir  n-0  2n  +  1  2 

(21) 

+2'^ke'‘’erf  kerfc  k 


It  is  quite  evideat  that  will  be  greater  for  trend  (a)  than  in  (21)  and 
will  be  smaller  for  trend  (b).  Solving  (18),  (19),  and  (20)  with  the  three 
different  values  of  'a,  “  will  be  found  that  rate  of  solidification  (a)  will 
be  lower  than  rate  (c),  while  rate  (b)  will  be  greater  than  (c).  But  both 
(a)  and  (b)  are  inconsistent  with  (c)  since  a  higher  source  temperature  can 
be  obtained  only  with  a  higher  rate  of  evolution  of  heat  of  fusion  or  rate 
of  solidification,  and  a  lower  source  temperature  with  a  lower  rate.  The 
only  possible  solution  left  is  (c),  with  temperature  V|^  at  the  source 
constant  through  the  entire  process  of  solidification.  This  result  indicates 
that,  in  one*dimensional  flow,  the  value  of  the  ratios 

d[y^  +  (VL)^l  ^  V^+(Vl)^ 

JVl  “  Vl 

at  any  point  in  the  solid  and  at  the  sources  will  be  maintained  till  solidi¬ 
fication  is  coaq>lete. 


la  conclusion  it  can  now  be  stated  that,  in  a  freezing  mass,  initially 
at  uniform  temperature  ^  and  with  bounding  surfaces  z  -  0  sad  z  >  2a 
maintained  at  0*C,  the  position  of  the  plane  of  separation  of  solid  and 
liquid  in  the  region  0<z<a  is  given  by  the  two  functions 


z/a  >  2kV^  0<r<r, 

z/a  ■  — b  +  2kayr— r,  r,  < r< r. 


(22) 


where  the  various  constants  and  the  ranges  of  r  are  evaluated  from  the 
data  of  the  problem  according  to  tlM  method  specified  above.  The  position 
of  the  moving  plane  in  (22)  is  ezpressed  in  terms  of  the  dimensionless 
variable  r  b  where  k  is  the  average  thermal  diffusivity  of  the  material 
in  the  tenq>erature  range  V  to  ^  (ia  the  awltea  range).  The  nnaierical  value 
of  K  is  to  be  obtained  from  ezperiment. 
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Complete  solution  of  the  problem  for  the  special  case  ^  >  V  (that  is, 
when  the  initial  temperature  is  at  the  melting  point  of  the  material)  is 
given  by  Lightfoot.  In  this  case  the  position  of  the  moving  plane  through 
the  entire  range  0<x<a  is  given  by 


x/a  -  2k>/F  (23) 

where  k  is  obtained  from  (3)  as  for  semi*infinite  mass.  Lightfoot's  solur 
tion  implies  a  constant  value  of  V|^  at  the  moving  planes,  as  can  be 
verified  with  the  following 


^  ^  ^  2sVr  e-(2n  +  l)*sV4 

^  (24) 

+  2  ke*‘*erfk  erfc  k 

c 

and 

'••(ir)’  <») 

Numerical  examples  of  solidification  in  finite  slabs  are  shown  in 
Figure  3. 


3.  The  Cyliader  and  the  Sphere 

The  results  obtained  in  the  previous  section  furnish  the  basis  for 
solving  the  problem  of  solidification  in  an  infinite  cylinder  0<r<a 
and  in  a  sphere  0<r<a  where  the  initial  temperature  of  the  molten 
material  is  the  same  as  for  the  slab  2a  and  the  boundary  surfaces  are 
kept  at  0*C.  According  to  the  property  observed  above,  during  solidifica* 
tion  in  one-dimensional  flow,  the  ratio  of  flow  of  original  heat  to  heat  of 
fusion  and  the  ratio  of  temperatures  remain  constant  through  the  solid 
from  the  boundary  to  the  source.  Because  solidification  in  a  cylinder  and 
in  a  sphere  will  proceed  by  radial  flow,  we  find  that  at  the  surfaces  of 
separation  of  solid  and  liquid,  and  regardless  of  their  distance  from  their 
respective  boundaries. 


dlV^  (Vl)^Ji.c,s 
JIVlI  1,c,s 


[V^^(Vl)^1i.c.. 
IVlI  1,c,b 


(24) 
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•ad 

IV^+(VL)^  +  VLll,e,.  -V  (27) 

The  aabacripts  1,  c,  aad  a  at«ad  for  alab,  cylinder,  aad  aphere  respectively. 
The  (V|^)^  ia  cylinder  sad  aphere  is  for  original  heat  retained  because  of 
heat  of  fusion  evolving  at  radially  opposite  point  sources.  Froa  (26)  aad 
(27),  vpe  have 

(Vl)1  -  (Vl)c  -  (Vl  )•  (28) 

or  a  constant  source  tenperature  at  the  convergent  surfaces  of  the  cylinder 
aad  of  the  sphere.  Thus,  the  time  when  the  cylindrical  source  finally 
converges  to  the  axis  of  the  cylinder  can  be  obtained  directly  froa 

V  -  2^  V  -i4-A  +2  ke^*etfk  +  erfek  (2?) 

0*1 

and  the  tiaw  rg  when  the  spherical  source  converges  to  the  center  of  the 
sphere  is  obtained  from 

V  «  2^  £  (_l)“e“^“‘'’^^*^'a  +  2  ke*‘*erfk  erfc  k  (30) 

n4)  ^ 

The  first  terns  at  the  right  of  (29)  and  (30)  are  tenperataea  due  to 
original  heat. 

According  to  another  property  of  heat  conduction  we  observe  that  when 
solidificatiou  in  the  slab,  in  the  cylinder,  and  in  the  sphere  has  proceeded 
an  equal  diaance  from  the  respective  boundary,  the  distribaions  through 
the  awlten  region  of  taal  temperaae  aad  of  Md  (Vl)^  individually 
will  be  equal.  Mahemaical  proof  is  otaaiaed  with  the  known  solaions 


i 

n4) 

1  MU  (2n  -t-  l)vx  •-(2a  ♦  l)*»*ri/4 

2n  -f  1  *  2a 

(31) 

(VA-2^  X 
^  n4) 

J«(f«n)  e-«D*^C  . 

).(H) 

(32) 

(V^), 

a 

-  (-»)■  .i.(«+I)«.-(.*l)Vr. 

A  n  +  1  a 

(33) 
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These  solutions  give  temperature  distributions  throughout  the  three 
geometries  being  considered,  neglecting  best  of  fusion.  With  nny  given 
gradient  (V^)i  in  a  range 

£l< 

a  -  a  -  a 

we  can  always  find  particular  values  of  and  r,  auch  that  the  three 
distributions  coincide  at  all  points  within  ranges 


ns  shown  in  Figure  4.  The  three  distributions  will  never  cross  each 
ocher  regardless  of  the  values  r|,  and  r,. 

The  distributions  of  total  temperature  through  corresponding  molten 
ranges  coincide  because  they  depend  on  the  temperature  at  the  limiting 
surfaces.  This  temperature  is  V,  the  sKrlting  point  of  the  material  for  idl 
three  cases. 

The  distributions  of  (V|^)^  coincide  because  they  reflect  delay  in 
cooling  due  to  the  heat  of  fuaion  evolved  during  solidification.  At  the 
limiting  surfaces  or  sources  (V|^)^  is  equal  to  V|,  liiiie  the  ratio  of  flews 
at  points  outside  the  ranges  is  the  same  for  the  three  cases. 

Fiiudly,  since  the  distributions  (V{^)^  are  continuous  across  the 
sources  opposite  their  origin,  we  find  that  at  the  liauting  surfaces 

*i/«  -  *  ~ 

a 


(V^),  -  (V^)c  -  (V^),  (34) 

For  solidification  at  a  given  point,  z,/a  in  the  slab  2a,  we  evaluate 
r  from  the  two  formulas  of  (22),  and  obtain  from  (51)  the  correspoading 
to  thia  distance  from  the  boundary.  In  (32)  and  (33)  we  substitute 
as  obtained  from  (31),  and  r,  as  obtained  from  (a-r,)/a  -  and  solve 
for  r. 

Nnawrical  examples  of  solidification  in  slab,  cylinder,  and  sphere 
are  shown  in  Figure  3. 
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The  principle  of  constant  ratio  of  flows  throughout  the  solid  regions 
can  be  applied  to  any  slab,  cylinder,  or  sphere  cooling  by  radiation  into 
a  nediun  at  constant  temperature.  Comparison  of  the  distributions 
and  with  the  distribution  obtained  originally  for  the  slab  shows  that 
the  property  of  coincident  distribution  through  the  molten  ranges  applies 
also  for  these  cases.  The  thermal  properties  of  a  container  may  be  given 
in  terms  of  a  heat  transfer  coefficient  and  the  solution  for  the  freeadng 
material  obtained  by  the  method  outline  above. 

4.  Tka  FInIta  Cylladar  and  tha  Paralldaplpad 

Solidification  at  a  point  P(r,z)  in  the  finite  cylinder  1,  a,  with  center 
at  the  origin,  will  occur  when  the  temperature  is  equid  to  that  obtained 
for  the  slab  with  the  smaller  of  the  two  quantities 


This  method  results  from  a  comparisoa  of  the  finite  cylinder  with  the 
infinite  cylinder  and  the  slab.  Initially,  at  a  point  z  -  0  and  r  s  a 
solidification  will  proceed  as  in  an  infinite  cylinder.  At  a  point  z  ■  1 
and  r  *  0  it  will  proceed  as  in  a  slab  21. 

A  numerical  example  computed  with 


8^ 


£ 

a-1 


J.(r«B)  :  1=1)!  cosi^L!^e“<2n+l)WJLyr 

iTSS  •  .!o 


is  shown  in  Figure  6. 


Solution  for  a  parallelepiped  is  obtained  similarly. 


Fi(  1  Twupcncucc  Diacnbiidoas  Dunog  SBlidificatioo  in  n  Snai-InfiniM  Mnnn. 


Fit  3  Tiae  of  SsUdificotioiw  la  Slabs  2a,  with  A*  aaaie  V  For  aU  Saba  and  ^  and  L/c  Tac)rii«  <<»  Md*  Slab. 
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ABSTRACT 


Odo  of  the  neeeeeary  deeisn  features  of  a  projeetile  rotating  band  is 
that  it  anist  not  be  discarded  in  flight  by  rirtue  of  the  centrifugal  foroes 
noting.  One  of  the  oenann  methods  of  retaining  the  band  ooneiets  of  util¬ 
ising  undercut  band  seats  thus  in  effecti  restraining  the  band  from  outward 
aorement.  In  the  present  paper  the  elastic  stresses  in  a  band,  thus  con¬ 
strained,  are  determined  fbr  both  the  quasi-static  loading  condition  (i.e. , 
slowly  applied  centrifugal  forces)  and  for  the  dynanio  case  (i.e.,  suddenly 
applied  centrifugal  foroes).  As  expected,  the  dynsade  ease  yields  stresses 
Just  twice  the  quasi-static  case.  In  both  these  analyses  the  band  is  con¬ 
sidered  as  a  beam  on  an  elastic  foundation. 

As  a  limited  extension  of  these  elastic  analyses,  the  non-elastic  case 
of  an  unconstrained  band  (m>plicable  also  to  a  long  constrained  band)  is 
analysed  aesuming  a  stress-strain  cunre  of  the  form  a  >  ken,  giring  rise  to 
a  non-linear  differential  equation.  A  hodograph  ia  plotted  and  the  required 
information  related  to  failure  or  retention  of  the  rotating  band  is  obtaiaad. 
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P.E.  -  Potential  energy 
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INTRODPCTION 

The  present  paper  is  concerned  with  the  problem  of  the  failure  of 
rotating  bands  during  the  firing  of  projectiles.  The  primary  function  of 
such  bands  is  to  engage  the  gun  tube  rifling  and  Impart  its  twist  to  the 
projectile  in  order  to  maintain  stable  flight.  Inherent  in  the  satiefao- 
tory  fulfillment  of  this  primary  function  is  the  creation  of  centrifugal 
loading  of  these  bands.  Figure  1  shows  the  nature  of  the  band  deformation 
and  some  of  the  pertinent  notation.  Ihe  resulting  stresses  may  then  cause 
undesirable  premature  failure  of  the  band  upon  emergence  from  the  gun  tubSt 
i.e. ,  as  soon  as  the  constraints  of  the  tube  are  no  longer  applied,  fre¬ 
quently,  this  failure  is  characterized  by  rupture  and  the  band  takes  leare 
of  the  projectile. 

In  many  applications,  this  "fly-off  is  not  desirable  and  various 
attempts  have  been  made,  consequently,  to  prevent  it.  All  of  the  common 
methods  of  accomplishing  this  end  involve  a  "bonding"  of  the  band  to  the 
projectile.  In  most  instances  where  this  bonding  is  attempted,  it  is  re¬ 
stricted  only  to  the  ends  of  the  band  (as  in  undercut  seats);  in  other 
Closes,  the  bondii^  is  effected  at  closer  intervals,  as  exenqplified  in  the 
practice  of  using  dovetails  in  plastic  bands;  in  other  instances,  this 
"bonding"  is  continuous  as  by  depositing  the  band  material  by  welding  onto 
the  projectile  (as  in  welded  overlay  bands).  Figure  S  shows  oonson  '^ondii^*' 
techniques. 

lb  a  great  extent,  the  Tly-off"  problem  is  minimized  or  eliminated  by 
the  use  of  the  latter  methods  of  bonding.  However,  it  is  expected  that 
this  latter  method  may  not  always  be  feasible;  considering  the  extensive 
use  of  the  first  method  of  "bonding",  it  would  therefore  seem  desirable  to 
understand  the  nature  of  the  stresses  induced  in  such  bands  in  order  to 
minimize  the  chance  of  fly-off. 

In  the  present  paper, *  attention  is  accordingly  focused  upon  a  smooth, 
unrifled  band  which  is  permitted  to  be  constrained  only  at  its  ends.  The 
band  is  assumed  (a)  to  be  thin  enough  to  allow  use  of  "thin  wall"  theory 
and  (b)  to  be  long  enough  so  that  ordinary  beam  theory  is  applicable  to  a 
segment  of  the  band. 


It  is  evident  that,  as  the  band  becomes  long  with  respect  to  its  other 
dimensions,  the  effects  of  the  end  constraints  become  negligibly  small  at 
regions  remote  from  its  ends,  so  that  the  central  portion  of  the  band  can 
be  considered  as  a  band  without  end  constraints,  i.e.,  as  a  "hoop",  sherein 
the  only  significant  stresses  are  the  tangential  stresses.  On  the  other 
hand,  short  bands  (i.e.,  bands  in  which  the  end  constraints  are  the  primary 
reactions  to  the  applied  oentrifhgal  loading)  are  subject  primarily  to 
longitudinal  bending  stresses.  There  is  also  considered  to  exist  an  inter* 
mediate  geometry  of  the  band  in  which  both  tangential  and  longitudinal 
stresses  are  significant. 


"fkf  rtsults  prtstnUd  in  tha  currant  papar  Pava  baan  cnllad  from  tha  folloulnt  Vatartoun  iraamt 
f*^mtory  raportai  a,  "On  tka  Inflvanea  of  tnd  Conotrmint  on  Straaaaa  in  Mototint  Bmnda  vntar 

W/JWiS;  b.  "tlaatie  Straaaam  in  a  Pototinf  Band  subjaetad  to  a 
StfkUnly  ihlM  OatUrifugal  Borca",  Bdl  Bo.  fdO/BBl,  am  e.  "Straaaaa  baym  tba  TiaU  Point  iwf 
a)  i  IM  BoMin/  Band  teadad  by  a  Soddanly  tmiiad  Cantrifatal  Porta,  b)ii  Lont  thin  Oyliador 
ioadad  by  a  Saddanly  jpptiad  Intamal  PTaaaira^  BJi  Bo.  PBO/BSS.  •  'P  f 
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In  the  following  analysis,  the  differential  equation  is  first  presented 
and  is  then  specialized  to  apply  to  each  of  three  specific  cases  as  follows: 

Case  I:  Static  State  -  Elastic  Behavior 

Case  II:  Dynamic  State  (Suddenly  implied  Load)  -  Elastic  Behavior 

Case  III;  D/namic  State  (Suddenly  implied  Load)  -  Inelastic  Behavior 

These  three  oases  are  distinguished,  one  from  the  other,  by  the  nature  of 
the  response,  of  the  band  material,  to  load  and  by  the  time  rate  of  appli¬ 
cation  of  this  load.  The  effect  of  time  will  be  adequately  covered  later 
in  the  paper,  so  we  consider  here  only  the  significance  of  the  material 
properties,  best  characterized  by  the  representative  stress-strain  cxirve 
shown  in  Figure  3.  Figure  3a  shows  the  general  behavior  of  many  engineer¬ 
ing  materials:  it  will  be  observed  that  for  small  loads  the  material  behaves 
elastically  and  linearly.  Cases  I  and  II  conform  to  response  restricted  to 
this  region  of  elastic  behavior  of  such  materials.  Case  III,  on  the  other 
hand,  is  aimed  at  the  response  of  a  completely  inelastic  material  such  as 
shown  in  Figure  3o.  Several  characteristics  of  the  behavior  of  materials 
stressed  into  the  plastic  state  are  of  interest  and  are  pertinent  to  the 
present  problem.  We  note  in  Figure  3a,  for  example,  that  the  nominal  stress 
reaches  a  maximum  value  and  that  an  instability  ensues  in  that  the  strain 
continues  to  increase  with  diminishing  stress.  'Hiis  instability,  which  is 
accompanied  by  a  localized  contraction  of  the  specimen,  is  known  as  'deck¬ 
ing"  and  is  associated  with  the  fact  that  the  rate  of  strain  hardening  is 
inadequate  to  compensate  for  the  decreasing  cross-section  of  the  specimen. 
When  such  stress-strain  curves  are  plotted  in  terms  of  true  stress  and 
natural'*'  strain,  the  curves  can  generally  be  expressed  in  the  form  a  -  ke'*** 
for  monotomioally  increasing  o-  and  necking  or  ^e  instability  point  can 
then  be  shown  to  be  governed  by  the  criterion  ^  -Qf  Applying  this  cri¬ 
terion  to  the  suggested  stress-strain  law  leads  to  the  conclusion  that 
necking  occurs  when  the  natural  strain  e  equals  the  strain  hardening  coef¬ 
ficient  77,  l.e. ,  €  =  77.  Figure  3b  shows  a  conventional  stress-strain  curve 
in  which  premature  fracture  has  precluded  the  necking  possibility. 


FORMULATION  OF  DIFFERENTIAL  EQUATIONS 

Consider  the  longitudinal  element  of  the  band  shown  in  Figure  1. *** 
Treating  this  as  a  beam  on  an  elastic  foundation  subjected  to  static  load¬ 
ing  p(x)  directed  radially  outward,  we  may  express  the  deflections  in  terms 
of  the  following  familiar  differential  equation: 


dV(x) 

dx* 


1-v^ 

El' 


p(*) 


(a) 


*Trve  str»3s  is  th»  load  dividsd  by  tha  iastantamous  arm  ratbor  than  tho  original  aroa,  and 
natural  strain  is  dafinad  by  ths  rslation  €  -  vhors  and  art  tht  inatantanaous 

and  initial  in/initasinai  gags  Itngths  rtsptctivily. 


*‘this  form  with  k>  0  and  0  <  7}  <  J  has  bttn  dtmonstratsd  to  apply  to  nost  tngitittring  mattrials, 
particularly  for  tht  plastic  stats. 


*“fht  rifling  shoun  is  so  vary  shallow  vitk  rtsPict  to  tht  thichntss  of  tht  band;  htnct  it  ntgltctsd. 
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where  I*  is  the  moment  of  inertia  of  the  beam 
E  is  Young's  modulus 
V  is  Poisson's  ratio 


More  generally,  if  the  external  loading  is  a  function  of  tiaa,  this  aquation 
should  more  appropriately  be  written 


1-v* 

El' 


p(x,t) 


(1) 


where  p(x,  t)  may  be  expressed  in  the  foro) 

p(x,t)  =  |a(x,t)  ♦  b(x,t)  +  o(x,t^  Aa 

and  the  quantities  a,  b,  o  are  respeetiTely  the  centrifugal,  raatoring  and 
inertial  contributions  to  p(x, t)  and  A  a  is  the  angular  width  of  the  bean 
as  noted  in  Figure  1. 


ffe  now  specialize  the  general  differential  equation  (Eq.  1)  to  conform 
with  the  specific  cases  described  earlier.  In  the  next  section,  we  ahall 
solve  these  resulting  explicit  differential  equations  for  the  antion  of  the 
bend  and  derive  therefrom  the  general  behavior  of  the  band. 


Case  l!  Static  State  -  Elastic  Behavior 

In  this  case  y  and  p  are  functions  only  of  position  x;  henoe,  the  in¬ 
ertial  oontribution  to  the  external  loading  is  absent  and  remaining  oontri- 
bution  a(x)  and  b(x)  can  be  shown  to  be  given  by 


b(x) 


SEh 


y(x) 


idiere  q  is  the  centrifugal  loading  per  unit  area,  h  is  the  beam  thioknees, 
and  D.  is  the  Initial  mean  diameter  of  the  band.  It  will  also  be  obvious 
that  the  partial  derivative 


3*y(«.t) 

3x* 


can  be  replaced  with  the  complete  derivative, 
to  reduce  to  the  form 


Then  Equation  1  oan  be  shown 


Conference  of  Arsenal  Mathematicians 
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Caee  II;  Dynamic  State  (Suddenly  Applied  Load)  -  Elastic  Behavior 

For  this  case,  we  obeerye  that  y  and  p  are  fhnotions  of  both  position 
X  and  time  t,  and  it  is  necessary  to  include  the  inertial  contribution  in 
the  loading  term  p(x,t).  It  can  accordingly  be  demonstrated  that 


b(x,t)»~y(x,t) 

"a 

-1.  P  D^h  3*y(x.t) 
c{x,t)  ^ 


irtienoe  Equation  1  becomes 
d*y( 


^  BI'  Do  2g  3t*  J  •  •  *  • 

Case  III:  Dynamic  State  (Suddenly  Applied  Load)  -  Inelastic  Behavior 


(5) 


Here  we  restrict  our  attention  to  a  long  band,  i.e. ,  a  band  of  suffi¬ 
cient  length  so  that  end  constraints,  if  present,  do  not  significantly  in¬ 
fluence  the  maximum  deflections  of  the  band.  Consequently,  we  note  that  in 
the  critical  region  of  the  band,  i.e. ,  away  from  the  ends,  the  loading  tons 
p  and  deflection  y  are  functions  only  of  time  t  and  are  independent  of 
position  X. 


We  further  depart  from  the  earlier  simplifying  conditions  of  elastio 
behavior  and  permit  extensive  plastic  deformation  of  the  band.  In  the 
present  case,  it  ils  assumed  that  the  material  obeys  the  exponential  true 
stress-natural  strain  law  a  -  ke*’  (for  monotomioally  increasing  o).  It 
will  be  recalled  that  such  materials  exhibit  the  so-called  nsoklng  or  in¬ 
stability  phenomenon  at  a  strain  e  governed  by  the  result  c  >  17. 

Within  the  scope  of  the  above  restrictions,  it  can  be  shown  that 
^V{x,t)  _  ^ 

"S’— 
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nhere  D  is  the  instantaneous  mean  diameter  of  the  bandy  i.e., 


Equation  1  may  then  be  expreased  aa 


Equations  S,  9  and  4  hare  been  suimarised  in  Table  I,  along  with  the  ap* 
propriate  boundary  and  initial  conditions. 


(SDIERAL  ANALYSIS 


Wb  proceed  now  with  the  solution  of  Equations  £»  9  and  4  for  tlM  per¬ 
tinent  boundary  conditions  shown  tabulated  in  Table  I. 


DJi’ 


Dafleotions 


•s  had  (Equation  2),  (recalling  that  I'  =  "JT  ) 

9%’ 

d*y(*)  ^  48(l-v*)  ,  ,  12(1-1/*)  q 

-5»- * -5Th»- i'W — sr 


(8) 


(Urn)  i«  tto  txaet  atfftraatial  of  oaoiltkrim  in  Mat  it  to  oomm* 

9*  a  ia  Ma  t«ra  S,  vhtro  3  to  Meo  tko  eontriital  nUm  of  aa  alaaaatary  aactica. 
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Solution  for  the  ease  of  simply  supported  ends  leads  to  the  expression* 

y(x)  -  t  ^  ^  «.h  M  .la  .lah  Sf*  (8) 


where 


M  *  - 


eoe  y  eoeh  y 

ainV  ainh^y  +  ooeV  ooeh^ 


N  *  - 


_ ain  y  ainh  y 

ein^y  ainh'y  ♦  oos*y  ooeh*y 


D.*h*  S 


Hm  strains  in  the  longitudinal  end  tangential  direetiona  at  a  dia- 
tanoe  t  tram  the  middle  surfaoe  of  the  tiand  are  then  giren  Iqr 


.  8y(x) 


’  D 


The  oorreaponding  stresses  follow  direotlyt  i.e. 


■  dV(i) 
1-v*  dx* 


_  aty(x)  vE  ,  d*y(x) 


*It  should  b$  notsd  hors  that  x  is  usosursd  from  ths  esntsr  of  ths  hsmi 
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The  maximum  value  of  the  atreaaes  ooeur  at  the  band  surface  at  mid- 
apan  and  can  be  shown  by  appropriate  substitution  to  be  given  by 

sin  y  sinh  y  ^ 
sin^y  sinh^  eos*y  eosh*y 


and 


(6) 


'max 


,  D^q 

2h 


sin  y  sinh  y  -  oos  y  oosh  y  I 
sinV  sinhV  +  coa^y  cosh^y  I 


To  facilitate  interpretation  of  Equation  6,  it  ia  convenient  to  normal- 
iae  and  respect  to  the  corresponding  value  obtained  utilis¬ 

ing  simple  wide-beam  theory  and  ’toiler"  theory,  respectively.  We  conse¬ 
quently  define  the  ration  S|^  and  S|^  aa  follows: 


Sl  = 


-eax 

^beae 


and 


a  =  eax 
- 

'  hoop 


idiere  is  the  stress  computed  using  conventional  (wide  beam)  theory,  i.  e. 

3  -t* 


^boae  4  h 


and 


^hoop 


2h 


Appropriate  substitution  then  yields  the  following  equation  for  S|^  and 

_ sin  y  ainh  y 

yi  sin*y  i 

/ ->/3v  \  . 

,  >  .  AVl->'^  Jtln  y  sinh  y  -  oos  y  cosh  y 
j-  -  1  + “ "  . 


I  sin  y  ainh  y _ 

“y2  sin*y  sinhV  eoa*y  ooah^y 


oin*y  ainh  y  ♦  co8*y  ooeh’y 
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These  quantities,  plotted  in  Figure  4*  for  v  =  0.3,  may  be  used  as 
correction  factors  for  determining  the  actual  stresses  in  a  band  by  multi¬ 
plying  the  appropriate  normalizing  stress  by  the  factor.  For  example, 
suppose  a  band  such  that  S,  and  S.^  are  0  and  1.1  respectively;  then,  the 
tangential  stress  is  the  simply  computed  hoop  or  boiler  stress  multiplied 
by  1. 1.  Obviously,  the  longitudinal  stress  is  zero  ii 
merely  means  that  the  band  is  quite  long,  and  behaves 
unconstrained  hoop.) 

Case  II; 

We  had  (Equation  3) 

A(x.t)  _  r qp^  ELvlx  t) 

3  X  ^  El'  2  ”  ^  '  2g 

Using  the  method  of  generalized  coordinates^*We' write 
00 

iwx 

q|  aln  -j— 
i-1  ^ 


(1  this  case.  (This 
essentially  like  an 


3*y(x 


— lAa  .  .  . 


(3) 


where  ^  is  the  generalized  coordinate  and  x  is  measured  firom  the  end  of  the 
band^f^^We  form  the  potential  and  kinetic  energies  thusly: 


P.E. 


EIw* 

i«l 


Eh^ 


■  8g  2- _  ‘’l 


Substitution  into  LaChrange's  equation  then  yields  the  following  differential 
equation  for  q | : 


where  Q|  is  the  generalized  force  corresponding  to  the  coordinate  q|. 

In  the  present  case,  we  assume  an  external  running  load  (oentriAigal 
loading)  of  intensity  q^dia  suddenly  applied  at  time  t  -  0  and  there- 

*Jow  slight  itiaccitracy  is  intraivcsd  in  dashsd  rsgioit  ivm  to  shsar  isformatioo  of  6m«. 
for  Itngth  to  thichmss  ratio  grsatar  than  i,  hamvsr,  this  srror  is  lass  than  109, 

^  ^ftnoafconto^  S.^'^fibration  froblona  in  inginssring”,  D  '»ton  toatraai  Co.,  Itte.,  tai  U., 

In  Oass  I,  X  wu  msasursd  from  th^midsfan  position. 
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after  maintained  constant.  Under  these  conditions,  Q|  oen  be  ehown  to  be 
given  by 


Q.  - 

2i»r 


(cos  irr  -  1). 


The  i^neral  solution  then  for  this  case  may  be  written 


y(x,t)  =  + 


2 _ 


{cos  (iTr)-l][eos  p|  t 
1  [i*  ♦  4#)*  y] 


where 


Appropriate  substitution  into  the  stress-deflection  equation  (a)  leads  to 
the  following  maximum  stress  formulations  at  x  =  VPi  ood  t  *  w/Pl; 


(9) 


Iraluation  of  Equation  9  and  oomparison  with  Equation  6  show  that  the 
etreeses  are  Just  twice  the  former  stresses.  This  is  as  should  have  been 
expected  for  the  sudden  loading  of  an  elastic  system.  The  curves  of  Fig¬ 
ure  4  are  therefore  directly  applicable,  provided  the  normalisation  is 
recognised  to  have  been  taken  in  this  case  with  respect  to  the  dynamic 
loading  stresses  in  a  wide  beam  or  simple  hoop. 

Case  nil 


Finally,  we  had  (Equation  4b) 


Letting  U  - 


and  rearranging,  thia  beoomea 


d*U  ^  4kg 


liiiir-H 

U 


a>' 


^  =  0 


dU 


for  0  <  t  <  to  where  t©  ia  the  firat  time  for  which  ~  =  0. 

at 


(40 ) 


The  complete  eolation  of  thia  non-linear  equation  ia  not  readily  ob¬ 
tained  by  ordinary  methoda;  however,  by  aingle  integration,  the  velooity- 
diaplaoement  relation  ia  readily  obtained  and  oonaiderable  inaight  to  the 
oharaoteriatio  behavior  of  the  band  may  be  derived  therefrom.  We  thua 
obtain  by  the  initial  integration  of  Equation  4o  (with  the  initial  condi¬ 
tion 


dt 


0  at  U  -  1) 


1  dU 

CD  St* 


-1) 


2 

1)  «' 


(10) 


for  0  <  t  <  to 


idiere  the  loading  term^l|  ia  defined  ae  followa: 


gk 


A  plot  of  thia  velocity-diaplaceroent  relation  ia  shown  in  Figure  8 
for  a  fiaced  value  of  v  (i.e. ,  a  given  material)  and  for  a  range  of  values 
of  the  load  parameter  A  The  arrows  indicate  the  direction  of  increasing 
time.  Only  the  plastic  behavior  of  the  band  is  presented.  (The  dash  lines 
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indicate  the  start  of  elastic  ribratory  behaviort  but  we  shall  not  discuss 
this  aspect  of  the  band  motion  here.*)  It  will  be  noted  that  for  small 
values  of  the  load  parameteril  (i.e. •  ^  <  Aorit)  the  band  expands  but 
eventually  slows  down  to  a  halt  at  some  finite  value  of  displacement 
On  the  other  hand,  at  higher  values  ofil  (i>e.,  A  ^ilorit),  the  band 
becomes  unstable  and  extends  indefinitely  until  ftracture  occurs.  This 
instability  is  attributable^  the  necking  phenomenon  discussed  esrlier. 

We  designate  the  value  ofAimax  attained  atAcrit  as  !J  crit.  In  Figure  6, 
we  plot  the  displacement  U  max  against  the  load  parameter  A  for  different 
values  of  v.  The  end  points  of  these  curves  shown  by  the  dash  line  represent 
the  critical  conditions  A  orlt  and  U  crit.  In  Figure  7,  we  have  plotted 
this  critical  load  parameter  for  different  materials  as  defined  by  the  stress- 
strain  relation  a  -  We  recognize  in  Figure  7  that  for  loads  or  speeds 

less  than  A crit  the  band  is  retained;  for  higher  loads  or  speeds,  failure 
can  be  anticipated. 


Ver  4»tatk,  «•«  V4i  Nfcrt  fe.  IW/SM,  'VtfMMt  ttyani  tAs  TUU  Point  int  oj  4  tong 
ietoting  Sm4  ty  o  Potionly  tPPlUt  (kotrifogol  Pono$  t)  4  tong  thin  Oylintor  MM 
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ROTATING  BAND  6 


Q)  ORDINARY  ENGINEERING  STRESS-STRAIN  CURVE  SHOWING  NECKING 


b)  ORDINARY  ENGINEERING  STRESS-STRAIN  CURVE -NO  NECKING 


C  )  TRUE  STRESS— TRUE  STRAIN  CURVE 

STRESS-STRAIN  CHARACTERISTICS  OF  BAND  MATERIALS 

AM  1821 
5-21-56 


FIGURE  2 
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SIMPLE  SWAGED  ON  BAND 


WELDED  OVERLAY  BAND 

METHODS  OF  BONDING  BAND  TO  SHELL 

A  M.  1822 
5-21-56 


FIGURE  3 
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TYPICAL  VELOCITY  -  DISPLACEMENT  CURVES 
(FOR  GIVEN  MATERIAL) 


A.M.  ••£4 
5’ei‘56 


FIGURE  5 
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V 

VARIATION  OF  THE  CRITICAL  LOADING  (oR  SPEED)  PARAMETER  A. 
WITH  STRAIN  HARDENING  COEFFICIENT  V 

AM  1626 
5-21-56 

FIGURE  7 


the  effect  of  farticie  suspensions  on  the  flgw  of  a  oas 


Hugh  N.  Brown* 

A  suspension  of  sm^l  particles  In  a  gas  may  produce  Important  changes 
In  the  flow  of  that  gas  by  virtue  of  the  drag  forces  exerted  on  the  particles 
and  of  the  exchange  of  heat  between  the  particles  and  the  gaa.  Of  pcurtlcular 
Interest  Is’  the  propagation  of  a  shock  wave  In  such  a  medium. 


For  simplicity,  let  us  assimie  'that  the  particles  are  spherlced  and  Of 
uniform  size.  The  drag  forces  and  heat  transfer  properties  ceui  then  presumably 
be  calc^llated  from  experimental  data  on  single  spheres.  (Refs.  1  and  2)  This 
assumption  will  be  most  questionable  for  large  dust  concentrations  and/or  high 
Mach  numbers.  If  the  dust  concentration  Is  not  too  high,  'the  effect  of  particle 
collisions  may  be  Ignored  and  -the  volume  occupied  by  the  pcurtlcles  neglected. 

In  ^s  case,  the  equations  for  plane  flow  may  be  written  as 


“t  ♦  “x  ♦  “x  ■  0  . 

'S  *  ““x  -  5  -  0  . 

Pt  .  +  pv^  -  0  , 

p(v^  +  w^)  +  p^  +  nD  -  0  , 
mep(T^  +  uT^)  +  K(T  -  0)  -  0  , 
pe(S.  +  v6^)  -  nK(T  -  0)  -  0  . 

w  X 


(1) 

(2) 

(3) 

w 

(5) 

(6) 


The  symbols  used  above  cure 


n  ■  number  of  i>artlcles  per  unit  volume, 
u  >  velocity  of  dust  particles, 

D  >■  drag  force  on  a  single  particle^ 
m  ■  mass  of  a  single  particle^ 
p  >  gas  density, 

V  -  gas  -(reloclty^ 
p  a  gas  pressvtre^ 

Cp  a  specific  heat  of  a  particle^ 

T  a  dust  particle  teoperature , 

K  a  effective  heat  transfer  coefficient, 
0  a  gas  tesperatvire, 

S  a  gas  entropy  . 
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Subscripts  X  and  t  denote  differentiation  with  respect  to  x  and  t.  The  gas 
will,  in  the  following,  be  assumed  to  be  an  ideal  polytropic  gas  \diose  equation 
of  state  is 


S 

p  .  A  .  Rfi 

where  c  is  its  specific  heat  at  constant  volume,  R  is  gas  constant,  and  7  is 
the  raiid®of  specific  heats. 


Equations  (l)  and  (3)  are,  of  course,  sisqily  mass  conservation  equations  for 
the  dust  cmd  gas  respectively.  (2)  equates  the  rate  of  change  of  mooientum  of  a 
particle  .edong  its  streamline  to  the  drag  force  D  acting  on  it.  Similarly,  (h) 
relates  the  rate  of  change  of  gas  momentum  along  a  gas  streamline  to  the  pressure 
gradient  force  and  to  the  reaction  of  the  duet  on  the  gas  caused  by  the  drag. 
Equation  (5)  states  that  the  rate  of  loss  of  heat  by  a  particle  along  Its  stream¬ 
line  is  proportional  to  the  difference  bet%reen  the  mean  internal  particle  tesqpera- 
ture  and  the  surrovindlng  gas  tenqperature.  Ibe  last  relation,  (6),  simply  equates 
the  heat  given  up  by  the  particles  in  a  unit  volume  to  that  gained  by  the  gas  in 
the  same  volume. 


These  equations  can  be  transformed  into  the  characteristic  form  (3ef.  3). 
Let  o  be  a  characteristic  curve  parameter.  TSien  the  charaeteristie  equations  C 


and  ccapatlblllty  equations  T  are 

C+  :  x^  -  (v  +  c)  t^  -  0  ,  (8) 

r+  :  pc  v^  +  p^  +  n  [^Dc  -  K(7  -  1)  (T  -  «)  J  t^  -  0^  (9) 

C-  :  -  (v  -  «)  t^  -  0  ,  (10) 

T-  !  PC  -  p^  +  n  J  Dc  +  K(7  -  1)  (T  -  0)  j  t^  -  0 ,  (ll) 

Cg  !  -  vt^  -  0  ,  (12) 

,  Tg  ■  i  -  («) 


1 


r. 


0  , 

•  0 , 


-  ut 

a 

-is  - 

t  nu  t  «  0 

X  o 


t 

a 


•  0, 


(14) 

(15) 

(16) 

(17) 
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Here,  c  Is  the  velocity  of  sound  defined  by  c  ■  (|E) 

^  S  ■  const. 

Note  that,  unlike  the  others,  equation  0?)  cannot  be  reduced  to  unl> 
directional  derivatives.  This  Is  a  consequence  of  the  two-fold  natiure  of  the 
particle  path  -  ut^  ■  0,  l.e.,  the  parabolic  nature  of  this  path. 

]>t  us  apply  the  preceding  results  to  a  specific  flow  problem.  Consider 
the  case  of  a  pleme,  step  function  shock  In  free  air  Impinging  upon  a  seml- 
inflnlte  mass  of  stationary  air  in  which  dust  particles  are  unlfoimly  distributed. 
In  the  mixture,  the  shock-front  Jvmip  conditions  for  the  air  variables  will  be 
the  same  as  In  pure  air.  The  dust  concentration  n,  velocity  u,  and  temperature 
T  will  be  tcJcen  to  be  continuous  through  the  front,  since  drag  forces  heat 
transfer  rates  remain  finite  through  the  front.  The  conditions  to  be  Imposed 
at  a  shock  front  In  the  mixture  sure,  therefore,  for  Inltieilly  stationary  air. 


0  c 

0 

(18) 

2  .U  \ 

d  7  +  1  U  ^  ' 

O  0 

(19) 

Po  ,  ^1 

Pi  “  ^  ■  U  ^ 

# 

(20) 

^1  =  %  -  0  . 

(21) 

n,  =  n 

1  0  / 

(22) 

T,  *  T  , 

1  o  * 

(23) 

where  subscripts  o  and  1  refer  to  auantities  ahead  of  and  just  behind  the  shock 
front  respectively,  andVrafars  to  tha  ahock-fPont  valocity. 

Figure  1  gives  the  flow  process  In  the  x,t  plane.  For  t  <  0,  the  region 
to  the  left  of  the  origin  Q  contains  pure  air,  while  that  to  the  right  contains 
an  air-dust  mixture  at  the  same  tesq;>erature,  press\ire,  and  gas  density  as  the 
pure  air.  Ihe  path  of  the  Incident  shock  front  is  along  the  shock- line.  For 
t  ?  0,  the  air-mixture  boundary,  originally  at  x  «  0,  begins  to  move  along  the 
dust  streaiollne  Cp  through  Q,  while  the  shock  velocity  begins  to  change  steadily 
due  to  the  Influence  of  the  dust. 

Consider  a  point  A  on  the  shock  line  as  shown.  The  unknowns  here  may  be 
approximated  by  use  of  the  Jung)  conditions  cmd  the  x*elatlon  (9)  applied  along 
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the  forward  sound  path  C-i-  drawn  to  A  from  a  point  B  on  the  x-axis  In  the 
dust-free  air.  Equation  (9)  shows  that,  iinder  the  assumed  conditions,  the 

shock  strength  Initially  decreases  from  Q  to  A.  In  fact,^^^  may  be  cal¬ 
culated  from  (6)  and  (9)  end  the  shock  conditions.  It  must  be  remembered, 
in  integrating  (9),  that  n  »  0  to  the  left  of  the  air-mixture  bo\indary.  Hence, 
from  (8)  and  (9)> 


-  ■'b'  ("a  -  J’b) 


“9*11 


-  K,(r  -  1)(T, 


(24) 


Here,  p.,  e-,  v.,  etc.  are  the  values  at  the  origin  appropriate  to  the  initial 

Q  H  ^ 

shock  velocity  U*. 


Now,  since  the  incident  shock  is  a  step  function,  v_  =  v  ,  etc.  Therefore, 

the  differences  above  may  also  be  expressed  in  terms  of  the  rate  of  change  of  U 
along  the  transmitted- shock  line  from  Q  to  At 


Pa  -  ■  Pa  ■  »9  ■  '  Appr-J-Uiy. 


(25) 

(26) 


dv,  dp 

where  and  are  evaluated  from  (I8)  and  (19) •  Substituting  these  expres¬ 
sions  into  (24),  we  find  that 


(27) 


Now  since  T  is  continuous  through  the  shock  front,  according  to  (2^), 

•=  Oq  and  BO  j  is  negative. 

-4 

For  a  typical  case,  let  us  assume  a  dust  particle  radius  of  a  »  10  cm, 
a  dust  density  (n  m)  equal  to  that  of  the  undisturbed  air,  p  ,  and  incident 
shock  velocity  of°1.4  c  (corresponding  to  a  1.12  atmosphere^verpressure). 
Taking  suitable  values  for  air  viscosity,  specific  heat,  duet  thermal  conducti¬ 
vity,  etc.,  it  is  found  that 
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Thus,  the  shock  relaxation  time  is  of  the  order  of  70  ^sec. 

An  idea  of  the  early  behavior  of  the  flow  may  be  obtained  from  a  first- 
order  series  approximation.  Expanding  the  shock  velocity  as  a  function  of 
time  in  a  series 


u  f 

V 


V  »  1 

and  the  dependent  variables  in  series  such  as 


v(x,t) 


I 

^1V 


hV 


The  equations  of  flow,  (l)  -  (6),  may  be  solved  correctly  to  first  power 
terms  in  x  and  t.  It  is  necessary  to  employ  different  series  in  each  of  the 
flow  regions  I,  II,  and  III  indicated  in  Figure  1,  imposing  the  initial  and 
boundary  conditions  in  each  domain.  The  flow  in  domain  IV  is  known. 


The  value  of  U,  so  obtained  is  the  same  as 


U). 


determined  above  from 


the  characteristic  equations.  For  a  given  small  time  Bt  after  the  shock  enters 
the  mlxtiure,  the  first-order  solutions  give  the  resiilts  shown  in  Figiure  2.  The 
numerical  vedues  indicated  are  for  the  same  example  mentioned  previously;  i.e., 
-4 


a  =  10 
clarity. 


cm, 


U,  =  I-** 


'o> 


n  m 
o 


The  ordinates  are  distorted  for  the  sake  of 


It  is  seen  from  these  curves  that,  at  the  origin,  the  pressure  and  density 
Increase  to  a  value  greater  than  that  in  the  incident  shock  even  though  the  shock 
front  has  decayed  in  strength.  Clearly,  a  compression  wave  is  set  up  which  will 
travel  backward  into  the  shocked  pure  air,  eventually  developing  into  a  second 
finite  amplitude  reflected  shock  at  a  point  near  the  backward  sound  path  C-  through 
Q.  The  flow  up  to  this  point  can  be  calculated  once  the  solutions  on  the  air- 
mlxtxire  boundary  C  ^  are  known,  since  all  the  backward  characteristics  extending 
into  the  pure  air  rd^on  are  straight.  The  point  of  origin  of  the  reflected 
shock  may  be  estimated  by  finding  the  limiting  point  of  intersection  of  an  arbi¬ 
trary  C-  with  the  C-  line  through  Q  using  the  first  order  approximation  already 
obtedned.  That  is,  for  a  given  time  Bt,  the  C-  line  originating  on  the  air- 
mixture  boundary  at  E  is  extended  to  its  intersection  with  C-^  as  shown  in  Fig.  1. 

fRie  limiting  position  of  this  Intersection  is  then  determined  \dien  Bt  approaches 
zero.  Provided  that  higher  order  terms  do  not  change  the  result  too  radically, 
it  appears  that  the  reflected  shock  forms  far  enough  frcmi  the  origin  that  it  can 
be  ignored  \dille  steirting  a  numerical  Integration  of  the  problem.  For  example, 
in  the  special  case  alreeuly  considered,  the  estimated  point  of  origin  of  the 
second  shock  is  at  t  s  40  ^8ec  and  x  »  0.7  cm,  whereas  the  time  and  space 
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Increments  used  In  a  nimberlcal  solution  should  be  less  than  2  ^sec  euid 
.055  cm  respectively. 

Hence,  a  numerical  solution  to  this  problem  might  proceed  as  indicated 
in  Flgiire  5>  which  Illustrates  a  finite  difference  scheme  which  could  be  used 
in  the  mixture  region.  Assuming  that  all  quantities  are  known  as  a  function 
of  X  at  a  certain  time  t,  the  solution  may  be  advanced  to  t  -t-  &t  by  choosing 
a  point  A  on  t  4-  &t  and  extending  the  fotir  characteristic  paths,  C-t-,  C  ,  C  , 
and  C-  back  to  Intersect  the  line  t  =  constant  at  the  points  B,  D,  £,F?  ^ 

These  foxir  unknown  values  of  x  plus  the  six  unknown  dependent  variables  at  A 
may  be  approximated  by  solving  the  ten  finite  difference  equations  based  on 
equations  (8)  through  (17).  Of  course,  modifications  must  be  made  whenever 
one  of  the  characteristics  intersects  the  air-mixture  boundary  or  the  shock 
line.  If,  for  instance,  point  A  is  on  the  shock  line,  only  equations  (8)  and 
(9)  need  be  used  in  conjvinctlon  with  the  shock-front  Jump  conditions. 

An  alternative  scheme  wotild  be  to  replace  the  independent  variable  x  by 
some  quantity  Z,  say,  \diich  could  be  the  mass  of  the  gas  or  of  the  dust  con¬ 
tained  between  a  fixed  streamline  and  the  one  through  an  arbitrary  point  (x,t). 
Then  Z  is  constant  along  a  streamline  so  that,  in  the  2^ ,  t  plane,  the  particu¬ 
lar  streamlines  in  question  are  straight,  vertical  lines.  Thus,  the  integration 
net  could  be  simplified  without  greatly  conpllcatlng  the  remaining  characteris¬ 
tics. 


For  the  case  of  a  plane,  step  shock  incident  upon  the  mixture,  it  is  con¬ 
ceivable  that  an  asymptotic  condition  mi^t  be  approached  wherein  a  wave  of 
constant  profile  propagates  into  the  mixtvire  at  a  constant  velocity.  (Ref. 

A  consideration  of  the  requlz^ements  of  conservation  of  mass,  momentum,-  sind  energy 
across  such  a  wave  shows  that,  for  sufficiently  large  asymptotic  pressure,  a 
wave  consisting  of  an  air  shock  followed  by  a  continuous  pressure  rise  to  the 
final  total  pressure  would  be  possible.  The  continuous  part  of  the  wave  would 
correspond  to  the  interval  required  for  the  dust  to  come  to  thermal  and  dynamic 
equilibrium  with  the  gas.  The  strength  of  the  "air  shock"  would  be  such  that 
its  velocity  would  be  equal  to  the  velocity  of  the  wave  as  a  whole  as  determined 
by  the  total  pressure  rise,  thereby  maintaining  a  constant  profile.  Whether  the 
equations  of  motion  discussed  above  actually  lead  to  this  situation  is  not  known. 

For  total  pressure  rises  less  than  a  certain  amount,  the  velocity  of  a 
constant  profile  wave  would  have  to  be  less  than  c  ,  the  ambient  sound  speed. 
Hence,  no  preceding  air  shock  would  be  possible,  a8  in  the  foregoing  case,  and 
the  wave  caimot  maintain  its  shape;  the  wave  would  probably  be  a  continuous 
pressure  rise  \diose  "thickness"  increases  with  time. 

Under  the  conditions  of  the  numerical  example  given  previously,  the  critical 
overpressure  in  the  rnlxtiu^  is  I.5I  atmospheres  ^ich  corresponds  to  an  incident, 
pure  air  shock  of  1.26  atmospheres.  The  assumed  pure  air  shock  was  only  1.12 
atmospheres,  which  means  that  the  eisyiiptotic  wave  in  the  mixture  would  be  con¬ 
tinuous;  the  discontinuous  "air  shock"  front  would  decay  conpletely  to  zero 
strength. 
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DETERMINATION  OF  ELASTIC  STRESSES 
IN  CHAMBER  SECTION  OF  RECOILLESS  RIFLES 


ABSTRACT 

From  the  results  presented  in  this  report  one  may,  in  general,  .d«> 
termine  the  elastic  stresses,  strains  and  displacements  in  arbitrary,  but 
rotationally  symmetric,  thin  shells.  The  linear  theory  of  thin  shells  is 
used  in  this  development.  This  theory  is  sufficiently  described  in  the 
appendices  to  indicate  how  all  the  results  are  obtained.  As  an  illustrative 
example,  the  surface  stress  distribution  is  presented  fbr  an  idealiaed 
bell-shaped  chamber  section  (106MM  T137)f  of  recoilless  rifles. 

Membrane  stresses,  given  by  a  solution  which  neglects  the  shear¬ 
ing  stresses  and  bending  moments,  are  presented  for  comparison  pur¬ 
poses. 
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WATERTOWN  ARSENAL  I.ABORATORIES 


I.  INTRODUCTION  , 

A  considerable  amount  of  effort  has  been  made  in  recent  years 
towards  lighter  ordnance  materiel.  In  many  cases,  this  has  resulted 
in  making  component  parts,  such  as  gun  tubes  and  chamber  sections, 
thinner. 

It  is  well  known  that  the  maximum  stresses  in  tubes  or  chamber 
sections  will,  in  general,  increase  as  the  thickness  with  respect  to  a 
reference  radius  decreases.  Thus,  it  is  useful  to  know  the  stress  dis¬ 
tribution,  a  priori,  in  these  component  parts  so  that  under-  as  well  as 
over -designing  may  be  avoided.  In  this  report  mathematical  results 
are  given  which  may  be  used  to  determine  such  stress  distributions  in 
thin,  elastic,  isotropic  shells  O)  which  are  axisymmetrically  loaded,  are 
^of  known  axisymmetrical  shape,  *  and  have  small  deformations. 

While  much  work  has  been  done  on  the  elastic  theory  of  shells,  (2) 
the  greatest  progress  in  the  development  of  its  application  has  been 
accomplished  only  in  the  past  few  years.  Most  previous  applications (2) 
have  been  of  the  membrane'^'  fyps*  where  bending  and  shearing  stresses 
have  been  neglected.  This  latter  analysis,  in  general,  is  theoretically 
valid  only  for  paper-thin  shells  of  revolution  (i.  e. ,  paper-thin  in  com¬ 
parison  to  the  least  radius  of  curvature).  However  in  many  instances 
this  analysis  does  give  sufficiently  accurate  results  for  thin  shells  eiiich 
are  not  paper-thin.  In  the  case  of  chamber  sections  of  recoilless  rifles 
the  membrane  solution  is  questionable,  for  here  the  curvature  changes 
sharply  and  the  chamber  wall  is  not  paper-thin. 

In  this  report  a  more  refined  thin-shell  theory  is  applied  to  deter¬ 
mine  the  stress  distribution  occurring  in  chamber  sections  of  recoilless 
rifles.  This  thin-shell  theory'^'  is  presented  in  the  appendices.  A 
solution  of  the  equations  derived  from  this  theory  is  presented  in  Appen¬ 
dix  C.aad  ii-xalid  fox.manv  tyoes.of  thin  shells.  'These  appendices 
are  given  in  WhL  Report  No.  TJl/lfff,) 

sktll  ia  aaii  to  bo  thin  if  its  tSicSwss  A  it  twli  in  conh^’ison  to  its  Isost 
fodius  of  cimaters. 

oxoct  tkroa-iinonaioml  analysis  of  t*in  shslls,  ftiisrali>  spsakint,  is  iwt 
invetiMl,  bscauas  a  thin-sHsll  onaljais  ia  am  sxfidisnt  aM  vaually 

livsa  anaxsrs  which  ars  awfficUntly  accurats  for  thsir  intontsd  ptrposea. 

Mbs  that  or  not  a  shall  is  o  «f«6fww  dapands,  not  only  on  tha  atraas-fraa  farm  of  tha 
shall,  but  also  on  tha  natura  of  tha  load. 

^‘^^tha  aPPaMicas  list  tha  coiUitioes,  os  fomnlatad  by  t.  faissnar,  of  UiiusAslt  thaory. 
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The  solutions^  for  sections  of  conical,  cylindrical,  and  toroidal 
(donut  shape)  shells  are  extracted  from  the  appendix  and  are  presented 
more  explicitly  in  the  body  of  this  report.  These  solutions  may  be  used 
for  determining  the  stresses  in  conical,  cylindrical  and  bell- shaped 
chamber  sections.  The  case  of  the  bell-shaped  chamber  section  is  con¬ 
sidered  here  in  some  detail  (the  106MM  T137  chamber  section  was  chosen 
as  an  example). 

One  of  the  great  values  of  thin  shell  theory  (linear)  is  that,  under 
certain  restrictions,  component  sections,  such  as  cones,  tori,  etc., 
can  be  considered  separately  for  analysis  purposes  and  then  pieced  to¬ 
gether.  The  results  of  the  analysis  for  each  component  section  can  be 
written  down  as  the  sum  of  a)  terms  which  include  the  loading  conditions 
on  the  surface  of  the  shell  (called  the  particular  solution)  and  b)  terms 
which  are  used  to  satisfy  the  end  or  junction  conditions  (called  the  homo¬ 
geneous  solution). 


II.  SUMMARY  OF  FORMULAE.  CONVENTIONS  AND  NOTATIONS 

In  this  section,  a  summary  is  made  of  results,  gathered  in  the  Ap¬ 
pendix,  that  are  necessary  for  calculating  stresses,  strains  and  displace¬ 
ments  in  shells  of  various  shapes.  In  particular,  these  results  may  be 
applied  to  determine  the  stress  distribution  occurring  in  various  types  of 
chamber  sections.  These  results  are  based  on  a  linear  theory  of  shells, 
which  is  sufficiently  described  in  the  appendices  of  Section  II.  The  infor¬ 
mation  that  is  of  importance  in  applying  the  contents  is  the  geometry  of 
the  shell,  loading  and  end  conditions.  This  application  is  illustrated  in 
Section  III  for  bell-shaped  chamber  sections  by  means  of  a  numerical 
example  in  Section  IV. 

A.  Geometry; 

The  middle  surface  of  a  shell,  illustrated  in  Figure  1,  can  be 
represented  by 

r  s  r(f),  z  =  z(^), 

so  that  t  together  with  the  angle  Q  in  the  (x,  y)  plane  determine  a  point  on 
the  middle  surface.  It  is  convenient  to  define  ^  in  terms  of  the  arc  length 
of  a  meridianal  curve  of  the  surface  in  the  (r,  z)  plane,  as  follows: 


and 


r  s  a  co8<Pf  z  =  a  sin^, 


The  extracted  solutions  are  to  lid  for  other  types  of  shells  provided  that,  over  the 
considered  region  of  the  shell,  (a)  ther^  exists  no  tangent  perpendicular  to  the 

and  (bj  the  thickness  is  constant.  The  eases  involving  a  tangent  ^rpei^- 
dicular  to  the  center  line  anl/or  a  non-constant  thickness  are  discussed  oriefly  is 
the  appendix. 
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FIGURE  1 
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where  tan  4  is  the  slope  of  the  tangent  line  to  the  meridian  as  illustrated 
in  Figure  1  and  primes  designate  differentiation  with  respect  to  ^  .  It  is 
assumed  that  4  is  such  that  a  is  of  the  order  of  magnitude  of  a  reference 
dimension  of  the  shell,  such  as  a  reference  radius  of  curvature  of  the 
middle  surface  of  the  shell.  The  coordinate  ^  with  axis  directed  along 
the  inward  normal  to  the  middle  surface  is  used  to  determine  points 
relative  to  the  middle  surface. 


B.  Notations  and  Conventions  for  the  Strains,  Stresses  and 
Displacements; 


The  strains,  stresses  and  displacements  are  defined  more 
explicitly  in  Appendix  A;  but  for  the  purposes  of  determining  the  same, 
only  the  following  are  needed: 

(1)  Strains 


E,€q  =  00  =  E  x  circumferential  strain 

E  e^-o^  '^<^6  -  ^  ^  mcridianal  strain 

(2)  Stresses 

N/j  12 

0^  *  h  *  circumferential  stress 

12 

o'^  +  h3  ”  meridianal  stress 

r  =  (3Q)/(2h)  =  shearing  stress 


where 


a)  Stress  Resultants  (taken  in  accordance  with  Figure  2) 

.  i  g:  ,,H)  +f  (rV^ 

rV  =  -JraP^d^ 

b)  Moments  (taken  in  accordance  with  Figure  2) 

=  -^  <T/3 
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FIGURE  2 


(3)  Displacements 


u  =  X  (N^  -i/N^)  =  radial  (horizontal)  displacement 
[i(N^  =  vertical  displacement. 

(4)  Constants 


E  =  Young's  modulus 
V  =  Poisson's  ratio 
C  —  Eh 
D  =  Eh'/m^ 

m2  =  12(1-1/2) 

h  =  thickness 

The  quantities  Pj,  and  denote  the  components  of  load 
intensity  in  the  r  and  z  directions,  respectively;  while  H  and  are  the 
horizontal  stress  resultant  and  the  angle  enclosed  by  the  tangents  to  the 
deformed  and  undeformed  meridian  of  the  middle  surface  at  one  and  the 
same  material  point,  respectively. 

C.  Solution  of  the  Basic  Differential  Equation; 

The  basic  differential  equation  of  the  linear  theory  of  thin 
elastic  shells  and  a  general  solution,  which  is  valid  for  a  large  class  of 
thin  shells,  are  presented  in  Appendix  B  and  C,  respectively.  For  the 
problems  at  hand  (i.e.,  chamber  sections),  solutions  are  extracted  from 
this  general  solution  and  are  presented  in  this  section  for  a  class  of  shells 
that  have  the  following  properties  over  the  considered  region  of  f  : 

1)  the  thickness,  h,  remains  constant 

2)  there  exists  no  tangent  perpendicular  to  the  axis  of 
rotation 
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An  approximate  solution  of  the  differential  equations  for  the  class 
of  shells  having  the  above  properties  is 

^  Uf  1^0  =o»  /*i-  ®o  ■i®  /*}] 

*  exp  (-Mi)[^l  cos  siaM 

and 


VrI 

exp 

ih 


(-/ii)  (bi  cosa{-Ai  sin/iilf 

tn  r'  ^  “J 


m  r 

+  iT2  p  'V 


where  Aq,  Bq,  Ai  and  B  i  are  constants  that  are  to  be  determined  frem 
the  surface  loading,  junction  and/or  end  conditions.  Here 


exp  s  e 

exp  s  e"^* 


where  «  is  an  arbitrarily  chosen  jpoint  that  is  usually  chosen  in  the 
considered  region  of  ^ . 


D.  Membrane  Solution; 

The  membrane  solution^  as  mentioned  in  the  introduction, 
is  obtained  by  neglecting  the  bending  and  shearing  effect.  This  inq^ies 
that  M^  ■  Mff  s  Q  s  0 ;  the  equivalent  would  be  the  following 

rH  «  rV  .  y0.  =  0  . 

The  stresses,  that  result  from  the  above  and  the  relations 
given  in  Section  11  B,  would  have  the  simplified  form 

N^/h  *  ^  QrH)'  +  rapj 

and 

s  N^/h  =  rV. 

art  a  nambtr  of  so-calM  ssstraiM  tkaoriaa  of  wkiet  tk*  om  sIom  it 
Poaoibly  tko  siuplast.  * 
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In  general,  Junction  and  end  effects  contribute  little,  if  anything, 
to  the  etressea  at  points  whose  distances  are  greater  than  (Rgh)^'^ 
from  the  particular  junction  or  end,  that  is  being  considered.  (R^  is 
a  representative  dimension  of  the  shell).  Hence,  in  general,  the  above 
so-called  membrane  solution  is  usually  valid  for  points  whose  distance 
is  greater  than  (Roh)W2  from  junctions  and  ends, 

III,  Application  of  Results  to  Bell-Shaped  Chamber  Sections; 

A,  Geometry 

A  typical  bell -shaped  chamber  section  (see  Figure  3)  of 
constant  thickness,  h,  is  composed  of  two  truncated  cones  and  segments 
of  two  toroidal^^)  shells.  These  truncated  cones  and  segments  of 
toroidal  shells  are  assumed  to  be  joined  so  as  that  there  exists  a  contin¬ 
uously  turning  tangent  across  each  of  the  junctions  z  a  sj. 


The  middle  surface  of  the  shell  can  be  represented  as  follows: 

—  _»  l*-i_ 

fr  =  Pi  rj  ^  +  rj  ,  dr  '  p, 

(Note^^);  We  have  a  cylindrical  section,  when  pj  «  Q) 


V. 


{ 

{ 

fr  =  P4 


r  =  r2  -  S  cos^ 

z  s  S2  ^  ^ 

r  =  r3  +  R  sin^ 
z  a  Z3  -  R  cos  ^ 


'  =  P4  *■4  ^  +  '4 

z  =  7-4^+ 


<  Z  <  z. 


,  *3  <  a  <  *4 

da  _  _1_ 
dr  ■  P4 

<  Z  <  Zj  , 


(Note:  We  have  a  cylindrical  section  when  p^  ~  0) 

The  terms  with  a  subscript  i  will  imply  that  they  are  to  be 
evaluated  in  the  region  Fj<z<^  t-  '1  * 


case  of  a  toroidal  shell  having  6  <  a<  vihere  b  is  the  radiva  of  tk«  cr utsz 
sectional  circle  and  a  is  the  distance  from  the  center  of  the  circle  to  the  center 
line,  IMS  stvdied  by  Clarh  •  fhe  case  wften  b"^  a  tius  solved  independent ly  by 
author  and  Kaghdi  [«] .  lumbers  in  brachets  refer  to  the  Bibliography. 

^^^Ihe  analysis  presented  here  assumes  that  the  cones  are  not  shallou. 


MIDDLE  SURFACE  OF  A  TYPICAL 
BELL- SHAPED  CHAMBER  SECTION 


FIGURE  3 


AM-I77S>« 

II-4-5S 
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B.  Loading  Conditiont 

This  chamber  ii  aaeumed  to  be  aubjected  to  internal  preaeure, 

P,  and  a  aupporiing  tenaion  at  the  end  a  ■  Tj .  In  addition  it  la  aaaamed 
that 

«  Q  «  0  at  a  a  Fg 

and 

sj3  a  0,  at  a  a  T|  . 

Aa  mentioned  in  the  introduction,  one  of  the  great  valuea  of 
thin*aheU  theory  (linear),  ia  that  under  certain  reatrictiona  component 
aectiona,  auch  aa  conea,  tori,  etc.,  can  be  conaidered  aeparately  for 
analyaia  purpoaea  and  then  pieced  together.  Theae  certain  reatrictiona 
are  the  ao-called  junction  conditiona,  which  are  obtainable  from  the  con- 
ditiona  of  equilibrium  and  continuity  (compatibility)  that  muat  exiat  acroaa 
the  Junctiona  of  the  component  aectiona.  Theae  latter  conditiona  mny,  in 
general,  be  reduced  to  the  following  four  conditiona  at  the  Junctiona,  for  a 
continuoualy  turning  tangent  (aa  ia  the  caae  here): 

a)  equality  of  radial  diaplacementa  for  the  middle  aurface, 

b)  a  continuqua  tangent  ia  maintained  acroaa  the  Junction 
(i.e.  /3  ia  continuoua). 

c)  equality  of  ahear  reaultanta  (i.e.  Q) 

and 

d)  equality  of  the  meridional  momenta  (i.e.  M^). 

It  can  be  ahown  that  the  preceding  four  conditiona  are  equivalent 
to  the  following  conditional^)  impoaed  on  /B  and  ^  at  the  Jtmctiona: 

.  *i-  *i*  I 

.  l/oi  ♦  I  •  ^1/ai  •  1  .for  .  •  ^  .  ,  ,  i  •  1,  2,  3. 


conditioiu  aaama  tlut  ia  aot  nagaHva  on  om  aM*  of  ika  Jmetion  Point 
ant  paaitiva  on  ika  otkar  aida. 
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C,  Solution  (Method  of  Specifying  the  Conitants) 

Now,  the  strains,  stresses  and  displacennents,  in  view  of  Sec* 
tions  IIIA  and  IIIB  are  dependent  on  the  quantities  /i.  and  sf*.  These,  quan¬ 
tities  are  defined  in  Section  II  C,  where 'for  convenience  the  constants 

replaced  by  the  constants  A^^,  B 

(i  s  1,2,  3,4),  respectively.  (The  subscript  i  has  the  sanne  implication 
as  mentioned  previously,  see  IIIA).  Since  all  other  terms  are  defined, 
the  stresses,  strains  and  displacements  are  determined  once  the  above 
sixteen  constants  are  specified. 

From  the  conditions  given  in  Section  IIIB,  it  is  easily  seen 
that  there  are  four  equations  for  the  end  conditions  and  twelve  equations 
for  the  junction  conditions.  This  is  in  agreement  with  the  fact  that  we 
have  sixteen  constants  to  specify;  that  is,  we  have  a  system  of  sixteen 
equations  to  solve..  These  equations  can  be  solved  by  the  classical  method 
of  iteration  many  instances  by  Grout's  method  [Q  ,  if  the 

system  of  equations  can  bs  arranged  to.  get  a  dominant  diagonal.  If  the 
diagonal  is  not  dominant,  then  a  scheme  devised  by  O.  Bowie 
used  to'get  the  required  dominance.  Further  numerical  techniques  may 
be  found  in  a  text  by  Hildebrand  a  Bureau  of  Standards  Refereneo 

List  D3. 


The  solutions  of  this  syatem  of  equations  are  then  substituted 
into  the  relations  for  and  which  in  turn  are  substituted  into  the  re¬ 
lations  for  the  stresses,  strains  and  displacements  given  in  IIB. 

IV.  Stress  Distribution  in  the  106MM  T137  (Bell-Shaped)  Channber 
Section 

As  an  illustrative  numerical  example,  the  106MM  T137  chamber 
section  was  idealised  to  fall  into  the  class  of  so-called  bell-shaped 
chamber  sections.  (See  Figure  4).  The  length  of  the  chamber  is  24 
inches,  where  s  s  0  is  assumed  to  be  at  the  mussle  end  of  the  chamber. 

In  view  of  Section  111;  the  pertinent  values  that  are  needed  for  the 
analysis  are  as  follows: 

For  the  region  i  =  1,  we  have 

Pj  -  0.103187,  (Tj,  Tj,)  .  (2.96330,  11.4),  *  17.32,  Oj  *  2.97903 

and 


(t)SiiK«  tka  ration  of  intaraat  ia  near  tka  toroidal  aaetiona,  tka  amlyaia  i«  restricM 
to  au>a>  Ji.V. 


2 


2U1 


For  the  region  i  =  2 

('2*  >2^  -  (6.26532.  17.0262)  S  3  a2  s  2.830270,  »  18.85 

The  values  of£  for  this  region  were  obtained  by  numerical  inte> 
gration. 

For  the  region  i  s  3 

(r^.  a^)  s  ( 1. 66340,  20. 9043)  R  «  .  3. 187840  »  20.  82 

The  values  ofS  for  this  region  were  obtained  by  numerical 
integration. 

For  the  region  i  «  4,  we  have 

«  0.0274869.  (T^.  1^)  »  (4.85,  20.82),  -  24  -  4.85184 


and 


_2 _ 


From  the  normal  surface  loading,  P,  we  obtain 
ral^  s  "  Pr^/a^ 


x'hPg  a  rE*P  = 


,,  rV=(.r2/%+C,)p 
rj  rP,  for  i  a  1  ^  * 

jra'P,  for  i  a  2,  3 
T^rP,  for  i  =  4. 


Since  the  chamber  is  supported  at  s  a  b^,  the  condition  at  a  a  0 
would  essentially  be  that  of  a  free  end.  Hence  from  the  condition  that 
rV  a  0  at  a  a  0,  we  find 


Cl  a 


2.289 


a  -  2.  62. 


The  needed  physical  constants  are  as  follows: 
m  -^2(lV) 

E  a  30  X  10^ 
a  0.285 

h  a  0, 43228  a  average  thickness. 


The  preceding  relations  and  values  are  to  be  substituted  into 
the  expressions  for  /S,  \p  and  their  derivatives,  which  in  turn  are  to  be 
substituted  into  the  end  and  junction  conditions.  This  latter  substitution, 
as  previously  mentioned  will  result  in  a  system  of  sixteen  equations  with 
sixteen  constants  i  s  1,2,  3,4,  This  system  of 

equations  was  solved  by  a  reordering  of  the  equations  to  get  a  partially 
dominant  diagonal  and  then  applying  Grout's  method.  The  following 
results  were  obtained: 
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These  values  were  then  used  to  evaluate  fit  fi*t  ^  and 
which  were  in  turn  used  to  evaluate  the  resultant  stresses  and  moments, 
IIB,  These  latter  values  were  then  used  to  evaluate  the  surface  stresses"' 
as  presented  in  Figures  5,  6. 

The  membrane  stresses  (HID)  for  the  chosen  example  have 
•  been  evaluated  and  are  presented  in  Figure  7. 


o6teiiiMl  from  cx^tafiitol  /iriM  roaulta  for  a  JOtUI  af^r  to  ogrot 
aiofititatiw t>  at  pointa  uktro  strotm  fasSM  mt*  attaekoi.  too  Hforonoo 


[i5]  Itatod  in  th§  bihUogrophy. 


2U3 


CIRCUMFERENTIAL  STRESS  DISTRIBUTION  AT  THE  SURFACES  OF  A 
RECOILLESS  RIFLE  CHAMBER  SECTION  (I06MMTI37) 
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FIGURE  6 


MEMBRANE  STRESS  DISTRIBUTION  IN  A  RECOILLESS  RIFLE 
CHAMBER  SECTION  (I06MMT137) 
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1.  Introduction 

In  writing  of  linear  prograinmlx^  and  high  speed  coaputer  applications, 

I  have  several  excellent  woiics  from  which  I  can  draw  aaterlal  —  the  preliai- 
naxy  material  relating  to  the  increasing  practical  importance  of  linear 
programing,  the  aathenatical  background  of  methods  of  solution,  and  computa¬ 
tional  aspects  of  these  mathematical  Ideas.  I  shall  refer  mainly  to  three 
such  sources  here,  but  I  must  note  that  I  limit  my  refarenoes  to  these 
sources  only  with  the  understanding  that  additional  references  are  available 
in  the  bibliographies  they  print.  Ihe  sources  aret 

The  activity  analysis  volume  edited  by  T.  C.  Koopmans  [1], 

The  mTBPoalum  proceedings  edited  by  H.  A.  Antosiewios  [2]*, 

The  expositoxy  book  by  A.  Cbarnes,  W.  V.  Cooper,  and 
A.  Henderson  (3]* 

I  ahall  set  myself  the  task  of  describing  in  a  general  way  the 
generation  of  problems  of  linear  progaraamlng)  then  I  shall  proceed  to  des¬ 
cribe  these  problems  in  their  abstract  mathematical  and  eoonosMtrio  settings} 

*It  might  be  remarked  that  one  of  the  papers  most  interesting  for  the 
present  purposes  in  [2]  is  that  of  A.  J.  HofDaan,  p.  397-U2U,  and  that  many 
of  his  bibliographic  references  are  nuid>ered  one  lower  than  they  should  be, 
so  that  his  references  to  his  C3^3f  [351  >  vaA  [36]  (as  they  are  nuiid>ered  in 
the  bibliography)  frequently  appear  as  references  [33] «  (3U]»  and  [35],  res¬ 
pectively  in  the  text. 
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finally  I  I  shall  report  some  numerical  attacks  on  such  problems  using  large 
machines,  Indicate  some  victories  and  admit  seme  defeats  In  these  computa¬ 
tions.  In  the  course  of  the  exposition,  I  shall  allow  nyeelf  to  wander  a 
little  afield,  particularly  with  regard  to  computations  requiring  Integral 
solutions,  and  I  shall  reject  other  tempting  excursions  into  the  Interesting 
work  Involving  efficient  sets  with  respect  to  several  functions  to  be 
optimised}  my  guide  in  each  case  la  a  combination  of  oomFUtatlonal  feasibility 
(or  comrenienoe)  and  economic  application. 

In  particular,  I  shall  limit  ayself  to  a  single  numerical  utility  function, 
rather  than  many  such  functions  (or  a  vector  function)  because  of  the  dominat¬ 
ing  importance  of  these  problems  in  the  present  applications  which  have  been 
reduced  to  ooa^utation.  Boononlcally  it  is  true  in  tiams  of  stability  that 
the  only  item  in  short  supply  Is  money  and  that  the  value  of  evexy  other  itma 
can  be  stated  completely  In  terms  of  money.  Hence  the  monay  value  is  a  sound 
utility  function  under  these  (idealised)  conditions.  In  other  times  other 
goods  are  in  short  supply  (thus  requiring  ration  coupons  or  other  items  not 
completely  exchangeable  for  money  in  order  to  provide  a  complete  abstract 
set  of  values  —  hence  a  vector  value  rather  than  a  scalar  value) ,  but  even 
in  these  tlmas  ccmpetitlve  decisions  must  be  made,  and  these  decisions  require 
ordering  of  various  possible  courses  of  action  so  that  a  most  desirable  one 
can  be  chosen.  Hence,  even  In  the  case  of  vsctor  utilities  each  decision  may 
have  to  be  reduced  to  one  based  on  a  (possibly  temporaxy)  scalar  utility. 

2.  Qeneration  of  linear  programming  problems 

In  describing  the  generation  of  linear  prograaming  problems,  I  ^11 
look  at  the  matter  from  the  point  of  view  of  an  administrator  —  not  a 
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mathematician.  Ihe  words  I  use  will  be  those  of  an  administrator,  and  we 
shall  have  to  provide  a  slight  translation  in  order  to  get  them  into  their 
mathematical  equivalents  —  in  which  the  same  words  unfortunately  have  dif¬ 
ferent  meanings. 

The  administrator  is  faced  with  a  problem  in  which  he  must  cause 
acomnplishment  as  highly  remunerative  as  possible  to  his  fizm* 

If  he  is  a  true  administrator  as  opposed  to  a  directly  productive  member 
of  society f  his  tools  for  aooMpliabing  this  are  a  few  departments  of  his 
fin,  each  functioning  with  some  degree  of  autonomy.  His  technique  for  using 
these  tools  la  to  relay  to  each  a  set  of  general  aaslgnawnts  (which  it 
develops  into  explielt  assignments  and  carries  out).  In  this  assignment, 
slaoe  the  administrator  is  unable  to  monitor  the  whole  operation  of  each 
department  (otherwise  there  would  be  only  one  department  with  the  adninlstrator 
as  head),  he  must  suggest  general  objectives  and  a  meaxui  whereby  eaoh  depart¬ 
ment  oan  estlsMte  the  value  of  any  detailed  accomplishment  ooqpatlble  with 
these  gexioral  objectives. 

In  order  to  do  this,  the  administrator  sets  some  minimal  goals  of 
suitable  results  for  each  departamnt.  Any  accoiqpllsbment  not  Meting  these 
minimal  standards  is  to  be  rejected  either  because  it  is  not  of  enough 
intrinsic  value  in  Itself  to  justify  the  operation  of  the  department  or 
because  it  may  leave  undone  pome  task  essential  to  the  Integrated  accomplish¬ 
ment  of  the  firm  and  not  explicitly  assigned  to  any  other  departsmnt.  These 
minimal  standards  are  known  as  suitability  restrictions,  at  least  to  milltaiy 
administrators. 
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Sijnilarly,  the  administrator  must  allocate  the  resources  of  the  firm. 

He  makes  assignments  to  his  various  departments  in  terms  of  money,  shop 
facilities,  labor  force,  and  other  means  available  to  the  firm.  These  assign¬ 
ments  carry  with  them  implicit  restrictions  that  the  courses  of  action  taken 
by  the  departments  will  in  no  case  generate  requirements  exceeding  the  means 
assigned  to  these  departments.  These  restrictions  are  known  as  feasibility 
restrictions  to  mllltaxy  administrators. 

Now,  if  the  administrator  were  omniscient  and  prescient  he  could  carry 
out  his  own  calculations  concemlng  the  best  course  of  action  by  each  depart¬ 
ment.  However,  there  is  a  considerable  amount  of  uncertainty  Involved  in  the 
size  of  a  priori  planning  factors  and  in  the  effect  of  various  actions.  Since 
1  am  discussing  linear  programming  and  not  organization  theory  here,  I  shall 
not  discuss  the  sources  of  these  difficulties,  but  rather  Jump  directly  to 
the  abstraction. 

Tbs  department  head  can,  then,  expect  to  receive  from  his  superior  a 
rule  of  utility  •—  what  various  acconplishments  mean  to  the  flzm.  He  has 
himself  a  set  of  rules  of  tactics  —  what  various  activities  he  can  set  up 
in  his  department  will  ultimately  mean  in  terns  of  acconplisbed  output.  He 
has  two  ^pes  of  restrictions  —  suitability  restrictions  which  have  been 
arbitrarily  imposed  by  his  superior  to  guarantee  proper  accomplishment  of 
the  whole  firm,  and  feasibility  restrictions  irtiloh  have  been  similarly 
imposed  to  prevent  the  firm  from  taking  action  which  would  generate  require¬ 
ments  exceeding  the  means  available.  To  a  considerable  extent,  each  of  us 
has  such  assignments  imposed  on  him  explicitly  and  implicitly,  and  each  of 
us  must  plan  to  maximize  the  utility  of  his  actions  subject  to  the 
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prescribed  restrictions.  In  the  case  of  linear  programming,  the  assignments 
and  the  rules  are  stated  explicitly,  mid  they  are  all  assumed  to  be  linear. 

Thus,  each  department  may  have  several  activities  which  it  can  conceivably 
oarzy  out  at  various  levels.  It  is  assumed  that  the  levels  can  be  stated 
explicitly  and  that  they  are  denoted  by  nonmegative  activity  levels  x^,  where 
the  index  a  ranges  over  the  set  of  allowable  aotlvltiesi  a  ■  l(l)m.  (The 
notation  immediately  above  Indicates  that  a  may  take  on  several  values,  the 
lowest  being  1,  the  highest  being  m,  and  successive  values  differing  by  the 
inoreaMnt  1  found  in  the  parentheses.) 

It  is  farther  asanmed  that  there  is  a  set  of  portlnent  effects  mentioned 
In  the  suitability  restrictions,  the  feasibility  restrictions,  and  the 
utility  ituactlon.  These  effects  will  be  numbered  by  a  greek  letter,  say 
m,  ot  ■  l(l)jx«  The  planning  rule  which  the  department  head  (or  his  superior) 
uses  is  based  on  planning  factors  p^  the  level  of  each  effect  ecqpeoted  to 
follow  from  any  schedule  of  activity  is  denoted  by  y^  ,  and  is  given  by  the 
fozmala 

(l)  a  *a  * 

It  is  essential  in  the  generation  of  linear  programming  problems  that  the 
effects  be  at  least  approximated  by  suoh  a  linear  homogeneous  fomulai  how¬ 
ever,  devious  techniques  are  allowed  in  the  generation  of  this  formula,  and 
some  will  be  mentioned  later. 

The  feasibility  conditions  imposed  by  the  administrator  nay  then  be 
written  as 


(2) 
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where  f  is  the  set  of  effects  which  constitute  expenditure  of  the  means 
assigned  to  the  department  and  where  the  quantities  ,  oc  t  tp  ^  represent 
the  assignments  of  these  means  to  the  department. 

The  suitability  conditions  imposed  by  the  administrator  may  similarly  be 
written  as 

(3)  ypc  ^  ®0t  »  oi  e  cr  , 

where  <r  is  the  set  of  effects  in  the  list  of  minimal  suitable  accomplish- 
scents  required. 

Finally,  the  utility  is  given  by  a  formula 

(U)  ^  • 

Here  it  is  assumed  that  the  summation  takes  place  over  the  idiole  range 

o(  ■  1(1)  jxi  any  inconsequential  effects  may  be  omitted  more  easily  by  setting 

the  corresponding  coefficients  equal  to  zero  than  by  modifying  the  formula. 

It  is  also  oonvenisnt,  for  mathematical  reasons,  to  coiobine  the  sets 
of  inequalities  (2)  and  (3)  into  a  single  set.  I  do  not  want  to  qpend  time 
in  details  here,  but  I  simply  note  that  all  the  inequalities  nay  be  made  to 
go  in  the  sane  direction  by  multiplying  those  in  (3)  ty  -1,  and  that  by 
suitable  e^qjanslon  of  the  range  of  oL  or  by  including  meaningless  inequalities 
(with  zero  coefficients)  ihioh  will  disappear  later  we  can  replace  Pom  ^ 

q^j^  ahere  for  some  values  ^c<a  "  ^aa'  ‘^oca  “  “^o<a* 

FoUowli^  all  this,  we  can  coahlne  formulas  (2)  and  (3)|  throw  in  formula  (1), 
and  add  formula  (U)  with  the  following  results! 
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the  feasibility  and  the  suitability  restrictlona 
are  represented  by  the  fomnula 

(5)  P  *a  ^  # 

and  the  utility  function  Is  represented  by  the  formula 

(6)  u  -  E  g*  . 

a 

As  was  stated  initially,  the  aotiyity  levels  are  restricted  to  be  non- 
negative  i 

(7)  A  0  . 

The  problem  of  naximlzing  a  form  of  the  type  (6)  subject  to  linear 
inequalities  of  type  (5)  and  of  type  (7)  is  the  standard  problma  of  linear 
programming. 

I  note  here  quickly  that  several  other  problems  oan  be  reduced  to  this 
foxm.  If  some  restrlotions  ve  of  the  form  of  equalities  rather  than  Inequali¬ 
ties  as  ixxlicated  in  (5)«  then  each  equality  may  be  replaced  by  two  cceqpeting 
inequalities  which  have  the  eff|Bot  of  the  equality  restriction.  If  some 
variables  are  not  restricted  to  be  non-negative,  they  miy  bf  replaced  by  the 
difference  of  two  non-negative  variables.  Similarly,  by  adding  non-negative 
residue  variables,  it  is  possible  to  change  the  idiole  set  of  inequality 
restrictions  (5)  to  equality  restrictions.  These  are  natters  of  te(dinlqus 
which  will  not  enter  seriously  into  the  discussion  here  but  which  msy  have 
opnslderable  effects  on  actual  oonputations  which  are  carried  out.  Ihe 


256.' 


Conference  of  Arsenal  Mathematicians 


simplex  method,  which  figures  prominently  in  computation  Is  usually  based  on 
the  equality  formulation,  using  non-negative  residue  variables  rather  than 
the  Inequality  fomulatlon  stated  explicitly  above* 

3*  Qeometrlc  aspects  of  the  linear  programming  problem 

In  a  coordinate  space  of  m  dimensions,  the  inequalities  (5)  and  (7)  describe 
a  convex  polyhedral  set,  or  they  have  no  solution  at  all.  We  call  a  oonveoc 
polyhedral  set  a  convex  polytope.  The  form  defined  by  (6),  no  matter  what 
the  nature  of  the  coefficients  g^,  is  maximized  in  this  set  at  one  of  its 
vertices,  or  it  may  have  no  maximum  at  all.  If  there  are  solutions  to  the 
reatrlotlng  inequalities  but  no  maximum  to  a,  then  the  function  u  grows  without 
bound  in  the  (infinite)  region  described  hy  the  ineqiiallties.  Such  conditions 
are  not  consistent  with  properly  set  economic  probleaisi  dsaplte  the  complaints 
of  various  rabble  vousers,  almost  no  one  —  not  even  mathamatloians  —  has 
aooess  to  infinite  wealth. 

So  we  may  admit  that  the  utility  function  u  in  any  interesting  problem 
actually  attains  a  maximum  in  the  polytope  described  by  the  inequalities  and 
that  this  maximum  is  attained  at  a  vertex.  A  vertex  of  the  polytope  is  a 
point  with  the  property  that  no  line  segment  containing  it  as  an  interior 
point  lies  in  the  poly  tope. 

Our  problem  is  to  find  tbs  rl^t  vertex. 

Actually,  the  recognition  of  a  vertex  is  not  easy  computationally,  and 
finding  one  is  even  harder.  0*  B.  Oantaig  has  pointed  out  that  one  can 
identify  many  points  as  not  being  vertices  by  observing  that  no  vertex  has 
more  than  fx  non-zero  coordinates.  This  follows  immediately  from  an  obsezva- 
tion  that  only  those  inequalities  from  (5)  and  (7)  which  restrict  as 
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eqrialltles  at  the  point  in  question  can  enter  into  the  determination  as  to 
whether  a  point  satisfying  all  inequalities  is  or  is  not  a  vertex.  If  fewer 
than  m  of  these  restrictions  are  satisfied  as  equalities  (remembering  that 
all  Inequalities  are  satisfied  at  any  point  of  the  polytope),  then  an  infinite 
number  of  solutions  exist  and  contain  a  line  segment  according  to  standard 
algebraic  theory]  then  the  point  considered  cannot  be  a  vertex.  Since  only  fL 
of  these  equalities  can  be  from  the  set  (5),  and  since  at  least  m  must  be 
satisfied  at  any  vertex,  the  rmnalning  n  -  ji  must  come  from  the  set  (7),  which 
as  equalities  specify  zero  coordinates.  The  observation  of  Dantzig  follows 
Immediately.  The  statement  is  clearly  valid  also  if  the  restrictions  of 
^e  (5)  are  stated  as  equalities  instead  of  inequalities. 

The  geometric  interpretaticn  given  above  is  ccnplete  in  principle,  but 
in  practice  it  still  gives  little  hint  of  ways  of  arriving  at  the  numerical 
solution  of  ary  problem.  In  this  we  are  helped  by  iidiat  auy  be  a  less  standard 
or  more  subtle  geometric  interpretation.  Without  regard  to  standards, 
subtlety  or  ingenuity,  however,  I  want  to  stress  here  that  it  is  a  different 
geometric  approach.  Alone,  it  might  not  be  any  more  productive  than  the 
first  geometric  interpretation  I  indicated,  but  the  two  Interpretations  used 
together  have  been  remarkably  effective  in  producing  numerical  results.  The 
Joint  use  of  the  two  geometric  interpretations  and  the  introduction  of  the 
following  Interpretation  seem  to  be  due  to  Q.  B.  Dantzig  (although  the  power 
of  the  ooriblnatlon  in  Dantzig' s  method  was  first  esqplioltly  pointed  out  — 
at  least  to  me  by  D.  Oale,  H.  W.  Kuhn,  and  A.  W.  Tucker).  I  do  not  feel 
eon|>etent  here  to  comment  farther  either  on  Dantzig*  s  remarkable  insight 
and  Ingenuity  or  on  the  deep  research  done  by  Gale,  Kuhn,  and  Tucker  in 
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various  Joint  and  individual  works  in  making  this  Insight  and  ingenuity 
clearer  —  again,  at  least  to  me. 

The  second  geometrical  approach  uses  a  coordinate  space  of  jx  dimensions  — 
not  m  dimensions.  In  this  space  the  rectangular  arn^  from  the  inequali¬ 
ties  (5)  is  considered  to  be  a  set  of  m  vectors,  one  for  each  value  of  the 
index  a  with  components  Qqj  n*  ^  ■  ^(1)  ^Me  non-negative  multipliers 
in  inequalities  (5)  act  on  these  vectors.  For  all  admissible  (that  is,  nonr 
negative)  x^,  the  left  hand  members  of  inequalities  (5)  gmerate  the  coordinates 
of  points  of  a  polyhedral  cone  in  this  p-dimenslonal  space,  and  the  inequalities 
(5)  are  satisfied  by  points  of  this  cone  which  lie  in  an  orthant  of  the  ^-dimen¬ 
sional  space  lying  "below  and  to  the  left"  (in  a  multl-dlsiensional  sense)  of 
the  point  with  coordinates  f ^  . 

It  should  be  noted  that  in  this  interpretation  the  utility  function  is 
not  a  point  function.  Ihua,  if  the  vectors  q^  ^  ars  not  independent  for  all 
a,  there  nay  be  several  representations  of  any  one  point  of  the  polyhedral 
cone  described  by  the  left  members  of  inequalities  (5)*  This  means  that 
several  different  sets  x^  may  correspond  to  the  same  point.  Furthezmore,  in 
formula  (6)  these  various  values  of  x^  may  give  different  values  to  u,  and 
in  order  to  determine  u  it  is  necessazy  to  kziow  not  only  the  point  of  the 
ji-dlmenslonal  space  at  which  it  is  to  be  detemined  but  also  the  representa¬ 
tion  of  this  point  in  the  polyhedral  cone  described  by  the  left  meahers  of  (5). 

It  night  be  worth  zioting  briefly  in  passing  that  the  m-dlmensional  set 
described  by  inequalities  (5)  and  (7)  mic^t  Just  as  well  b#  described  as  a 


convex  region  with  prescribed  vertices,  using  multipliers  similar  to  those 
used  in  the  description  of  the  convex  polyhedral  cone  in  ^-space.  Similarly, 
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It  Is  true  (but  net  quite  obvious)  that  the  convex  polyhedral  cone  in 
^space  represented  by  (5)  and  (7)  ml^t  also  be  described  as  an  intersection 
of  closed  half  spaces  with  boundaries  passing  through  the  origin.  (A  closed 
half  space  is  a  hyperplane  and  all  the  points  lying  on  one  side  of  it.) 

Much  of  the  recent  analysis  leading  to  pewerful  oonputational  attacks 
on  the  linear  programming  problem  is  based  on  this  possibility  of  desbribing 
these  sets  in  tvo  different  ways.  1  shall  not  go  into  this  in  detail  herej 
however. 

U.  A  problem  idiose  variables  aie  permutations  —  ^e  assigment  problem 

I  now  turn  from  the  main  course  of  ny  paper  to  mention  a  famous  problem 
whose  variables  are  permutations  and  idiloh  may  be  reduced  to  a  linear  program¬ 
ming  prbblem.  This  is  a  problem  of  maximising  a  Amotion  of  permutations  on 
n  maxks|  the  function  to  be  maximized  is  from  one  particular  set  of  functions 
whioh  eontains  many  utility  functions  of  problems  important  In  econometric 
■ppUeations. 

In  principle,  a  problem  of  maximising  a  function  of  permutations  is 
even  easier  to  solve  than  the  linear  programming  problem,  for  there  are 
only  a  finite  nunber  of  permutations  and  one  need  only  trj  thma  all.  This 
finite  nunber  miy,  however,  become  forbiddingly  large  if  the  nuid>er  of 
marks  n  is  large.  For  example,  the  number  of  permutations  on  12  marks  is 

O 

about  U.8  A  10  ,  but  a  manufacturer  mjlght  reasonably  Inqmlre  as  to  uhleh 

of  twelve  different  products  he  shoald  make  each  month  during  the  year  in 

IB 

a  single  plant.  The  number  of  permutations  of  20  marks  exceeds  10  . 

I  shall  describe  a  method  used  to  reduce  some  permutation  problems  to 
linear  prograraalng  problems,  and  thus  I  shall  describe  by  implication  the 
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type  of  function  lAilch  nnst  appear  as  the  utility  to  be  maxialsed.  Ihe 
permutations  are  first  written  as  matrioes.  A  pemutation  on  n  narks  any  be 
represented  by  a  natrlx  with  n  rows  and  n  oolunns  siibject  to  the  condition 
that  each  row  and  each  column  contains  exactly  one  element  which  has  value  1 
and  exactly  (n  -  1)  elements  with  value  sero.  If  such  a  natrlx  Is  r,  then 
it  can  be  interpreted  as  r presenting  the  pemutation  idiloh  takes  the  mark  1 
Into  the  nark  ^  for  all  (1,  j)  for  idiioh  ^  0. 

This  representation  of  peznutatlons  may  be  saft>edded  In  the  set  of  doubly 
stochastic  na trices}  these  are  matrices^  also  denoted  by  rj^,  whose  elements 
satisfy  the  foUowlDg  linear  restrlctlonst 


(8) 

(9) 

(10) 


'IJ  ^  ®  • 
'ij-i  . 

S 1  ry  .  1  . 


Ve  ml^t  note  that  one  of  these  last  equalities  Is  dpendent  on  the  others, 
for  each  of  the  two  sets  (9)  and  (10)  inplies  that  the  sum  of  all  the 
elements  of  the  doubly  stochastic  natrlx  is  n. 

This  set  of  doubly  stochastic  matrioes,  than,  may  be  oonsidered  as 

9 

r^esentlng  a  eonvex  polyhedral  set  in  a  pace  of  n  dimensions.  Ihe 
matrices  which  rpresent  pmunitations  belong  to  this  set.  They  are,  in  fact, 
the  only  vertices  of  the  set.  This  fact  has  long  been  known,  but  Dantsig 
points  out  that  a  simple  inductive  proof  follows  from  his  observation  (noted 
above)  that  no  vertex  of  the  region  has  more  than  (In  -  1)  non««aro  coordi¬ 
nates.  (Here  the  observation  that  one  of  the  inequalities  of  (9)  and  (10) 


Confermiee  of  Arsenal  Kathematleians  263 

is  rediuadanb  has  been  used.)  Not  every  row  of  a  matrix  representing  a  vertex 
can  have  as  many  as  two  elements  differing  from  sero,  for  this  would  give  2n 
non-sero  coordinates  In  the  arrayj  hence  at  least  one  row  must  have  a  single 
non-«ero  oomponent,  whloh  must  have  the  value  1  because  of  relations  (9) . 
Because  of  (6)  and  (10)  ^  all  other  elements  of  the  column  in  idiioh  the  element 
with  value  1  appears  must  be  sero,  and  the  original  suitrix  less  this  row  and 
column  must  be  a  doubly  stochastlo  matrix  with  (n  -  1)  rows  and  columns. 
Furthermore^  If  the  point  in  question  is  a  vertex  of  the  original  matrix, 
the  new  (n  -  l)x(n  *•  1)  matrix  mnst  also  represent  a  vertex,  and  the  inductive 
proof  follows  easily. 

Thus,  the  introduction  of  doubly  stochastic  matrlses  pemits  the 
permutations  to  be  represented  as  the  vertices  of  a  convex  polyhedral  set} 
if  the  utility  function  to  be  maximized  can  be  extended  to  be  a  linear 
function  over  this  set,  irtiioh  la  the  case  for  m  important  class  of  problems, 
the  problem  can  be  stated  as  a  linear  programming  problem. 

An  example  of  this  kind  arises  whan  n  objeots  are  to  be  assigned  to  n 
positions  under  a  suitable  utility  rule.  These  objects  may  be  people 
assigned  to  Jobs,  they  may  be  factories  assigned  to  areas,  and  so  on.  Die 
restriction  on  the  utility  function  is  that  there  is  a  number  describing 
the  value  of  each  object  in  every  possible  location  and  that  this  value  is 
independent  of  the  assignments  of  the  reawinlng  objects  to  the  remaining 
positions.  In  short,  there  is  to  be  an  array  g^  of  utilities  to  be 
aohisyed  independently  if  the  i-th  object  is  assigned  to  the  J-th  position. 

The  penmtatlons  in  question  are  those  relating  the  ordered  set  of  objects 
to  their  assigned  positions.  If  these  pexmutations  are  represented  by  their 
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matrix  In  the  manner  described  above,  the  total  worth  of  axigr  arrangeant  is 
given  by  the  utility  function 

^  •  Ey  *11  '■ij  • 

Ihls  function  extends  naturally  to  become  a  linear  function  defined  (according 
to  the  same  formula)  over  the  space  of  doubly  stochastic  matrices,  and  the 
linear  programming  problem  is  thus  set. 

5,  Econo*"^ c  eoulllbrium  and  a  duality  theorjgn 

This  section  will  be  devoted  to  a  proof,  from  the  point  of  view  of  cost 
and  utility,  of  a  theorem  idiloh  Is  really  geometric  in  Its  content.  The 
theorem  Itself  was  recognized  liq>llcitly  by  Dantzlg  and  explicit  algebraic 
statements  and  proofs  have  been  svqpplied  by  Gale,  Ihihn,  and  Tucker  in  various 
papers.  The  proof  which  will  be  developed  here  is  a  specialisation  of  a  study 
of  some  conditions  of  economic  equillbriua  contained  in  other  work  to  be 
published  by  B,  I,  Meflhane  and  the  author. 

I  again  consider  the  major  problem  stated  in  terms  of  the  inequalities 
is)  and  (7)«  2^  1^  and  x  A  o,  respectively,  and  the  requireawnt 

that  the  utility  function  expressed  in  (6)  u  >  g^  x^  be  maximised  subject 
to  the  above  feasibility  restrictions. 

I  shall  here  aseume  that  the  numbws  1^  in  restrictions  (5)  represent 
actual  investments  in  plant  or  other  facilities  and  that  these  restrictions 
are  obtainable  under  a  rental  agreement.  It  will  be  convenient  notationally 
to  consider  that  f,^  ie  a  particular  set  of  restrictions  which  has  been 
bought  or  rented  aixl  that  competitive  eets  have  values  denoted  by  or  by 
other  similar  narks  deviating  Arom  f  ^  . 
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The  rent  corresponding  to  a  set  of  restrictions  (expressed  in  the 
scale  used  in  (6)  for  the  utilltgr  computation)  will  be  denoted  v(T).  In 
some  particular  oases  I  shall  be  interested  in  a  function  w  which  is  a 
linear  form}  I  shall  reserve  the  symbol  v  for  this  function,  and  I  shall 
always  use  the  marks  as  coefficients  in  this  foxn,  so  that 

(W  • 

Mow,  the  point  of  view  will  be  that  a  set  of  facilities  abstractly 
denoted  by  has  been  rented  at  a  rate  of  w(f) ,  Ifodor  optimal  operations 
this  will  yield  a  utility  u  -  x^,  where  is  an  optimal  choice  of 

activity  level  atelfsihle  with  the  given  feaslbilily  restrictions.  Sosm 
other  set  of  facilities  abstractly  denoted  by  7^  could  be  rented  at  a  rate 
w(7)«  An  Obvious  question  to  examine  is  the  question  of  whether  there  is  am 
eeoneade  force  in  favor  of  changing  the  feasibility  restrictions  rented. 

I  shall  here  poiid  out  that  fbr  some  choices  of  7  there  may  be  no 
solutions  at  all  to  the  inequalities  (5)  and  (7)r  I  shall  rule  these  candi¬ 
dates  oat  as  not  adkdssible.  Other  dioioes  might'  oonoeiv^ly  lead  to 
possibly  unlimited  utility,  but  I  shall  ignore  these  on  the  same  basis  as 
above  —  namely,  laede  of  interest.  (Actually  it  will  become  clear  that 
there  is  no  way  a  problma  with  a  finite  maxlmna  attainable  utility  can  be 
deforamd  into  one  with  possibly  unlimited  utility  without  changing  the 
coefficients  ^  order  to  avoid  tedious  detail  I  shall  omit  most 

reference  to  admissibili'ty  and  to  the  possibility  of  unlimited  utilities. 

However,  I  shall  establish  some  fozmal  descriptions  of  terminology  in 
order  to  ease  the  Job  of  expressing  the  siaple  for  extensive  remarks  irtiioh 
will  be  pertlMnb. 
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DEFINITION.  A  set  of  restrictions  F  will  be  said  to  be  admissible  if 
there  exist  activity  levels  idiich  satisfy  the  feasibility  restrictions 
(5)  ^  (7)  with  the  values  inserted  to  the  right  mentfjers  of  (5): 

(5)  D<lofa*a^^e(  » 

(7)  X,  h  0  . 

DEFINITION.  A  of  eotivity  levels  x^  will  be  said  to  ^  adnissible 
with  U  they  satisfy  the  feasihility  conditions  (5)  s^  (7)  as  stated 
above. 

DSPINITIOM.  For  seme  fixed  ^a  ~  -  22^  SL  *^otivity  levels 

aaxlalstog  the  form  (6)  ^  S|^  subject  to  the  feasibilitjy  restrictions 

(5)  £  ^  ^  *a  ^  by  8  toe  stoset  of  these  restric¬ 

tions  (5)  and  (7)  which  are  satisfied  as  equalities  by  x^.  j  set  of 
restrictions  F^  weakly  ackiissible  relative  ^  8  ^  H  admits  a  set  x^^ 
satisfying  toe  inequalities  of  8  with  toe  nuri)ers  F^  substituted  to  toe 
right  mesfcers  of  (5). 

DEFINITION.  A  set  of  aotivitar  levels  x^  to  weakly  admissible  with 
respect  to  restrictions  Fq  which  are  weakly  admissible  relative  to  S 
(associated  with  f^  and  x^)  ^  to  satisfies  all  toe  inequalities  o£  8  to 
which  F^  have  been  appropriately  substituted  to  toe  right  members. 

Then,  attention  will  be  restricted  to  a  set  (impUoitly  defined)  of 
admissible  or  weakly  admissible  values  F^  ,  and  functions  t(F)  and  f(F) 
will  be  defined  iaqplicltly  for  these  valuesi 

DEFINITION.  The  function  t,  defined  for  eveiy  admissible  set  F^^  M 
argument, is  toe  maximum  attainable  utility  to  expression  (6)  associated 
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iilth  the  restrictions  to  right  reesibers  of  toequallties  ($)  when  these 
toeqnalltles  are  need  with  (7 )  to  define  admissible  activity  levels. 

DVIKITIDN.  ^  function  T(7) ,  defined  for  every  weakly  admissible  set 
relative  to  some  set  S  of  Inequalities  (5)  and  (?)  to  the  value  of  the 
maximum  attained  ^  utility  expressed  to  the  linear  form  (6)  among  weakly 
admissible  activity  levels  relative  to  S. 

LEMMA  1.  For  any  f^  and  x^  the  function  7(7)  to  defined  for  all 
for  which  t(7)  to  defined,  7(7)  h  t(7),  and  7(f)  -  t(7). 

Proof.  The  Inequality  Is  an  obvious  result  of  removing  admissibility 
restrictions  toom  the  admissible  set  to  create  the  weakly  admissible  set.  The 
final  equality  follows  from  the  non>restrletive  nature  of  the  dropped  toequall> 
tlee  at  the  optimizing  solution  x^, 

LBffA  2.  The  set  of  admissible  or  weakly  admissible  activity  tovels 
associated  with  a^El  aAd.salble  or  weakly  adatoslble  set  of  restrictions  3^  to 
the  vector  sum  of  any  solution  of  the  set  plus  the  set  of  solutions  of  the 

mmmmm  mmmmm  rnmrnimm  mmmmm  mmmmmm  MM*  mmm  MMeaM* 

set  with  7^  >  0. 

Proof.  This  is  a  standard  result  of  linear  algebra. 

IBMl  3.  If  38^  Is  an  adatoslble  or  weakly  admissible  set  of  activity 
levels  for  some  admissible  or  weakljr  admissible  7^  ,  then  every  admissible 
or  weakly  adhd.ealble  set  of  restrictions  f '  neighboring  7^  adalts  or  weakly 
admits  activity  levels  nei^bortog  x^. 

Proof.  The  proof  is  a  standard  exercise  to  linear  algebra  using 

UMfA  U*  Jt  feasible  7^  _or  weakly  feasible  7^  exists  for  which  t(7) 
7(7)  exists  and  to  finite,  then  t(7)  and  7(7)  exist  and  are  finite  for  evexy 
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feasible  or  weakly  feasible  7^  amd  ^  particular  t(0)  -  7(0)  ■  0. 

Proof.  The  proof  follows  Immediately  from  the  linear  homogeneous 
nature  of  the  utility  u,  and  from  lemma  7  below. 

With  the  definition  of  t(7)j  It  is  easy  to  describe  a  condition  of 
economic  equilibrium  In  which  there  Is  no  economic  force  to  change  an  assign¬ 
ment  of  feasibility  means  from  the  yalues  f^^  to  some  new  values  7^  . 

DEFINITION.  A  feasibility  assignment  f ^  ^  en  equilibrium  asslgrunent 
yod  only  CSf  admissible  7 

(13)  w(7)  -  w(f)  k  t(7)  -  t(f)  . 

This  definition  says  in  effect  that  the  cost  of  changing  the  feasibility 
means  is  no  less  than  the  gain  which  could  be  attained  by  the  change  in 
PQtentlal  utility  idilch  would  be  im^ed. 

Several  obvious  statements  will  be  made  about  functions  which  cause  f^ 
to  be  an  equilibrium  assignment.  They  will  lead  to  the  duality  theorem  which 
will  say  In  effect  that  in  any  problem  it  is  possible  to  give  an  exaaiple  of  a 
linear  homogeneous  function  w  «  v  which  renders  a  particular  feasible  f^  an 
equilibrium  choice.  This  abstractly  possible  rent  is  useful  in  ooinputatien 
whether  it  is  a  realistically  attained  rent  or  not. 

UMNA  5 .  If  v(7)  ■  t(7)  f  then  ^  equilibrium  assignment. 

Proof.  Ihider  the  conditions  of  the  lemma,  (13)  is  satisfied  identically 
as  an  equality. 

LIMMA  6.  ^  w(f )  •  t(f)  and  w(f)  ^  t(f)  for  every  ,  then  f^^  is  an 
SQuilibrium  assignment. 
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Proof.  Ibder  the  conditions  of  the  leimnaf  inequality  (13)  is  satisfied 
isnediately. 

The  development  will  now  follow  a  course  in  which  it  wL  11  be  proved  that 
t(7)  is  a  convex  positive  homogeneous  function  of  weight  one  and  that  a  sup¬ 
porting  linear  homogeneous  function  will  serve  as  »(?). 

IiEHMA  7*  If  feasiblB  and  If  ^  £  positive  n\aBber.  then  p7^ 

is  feasible  and  tip  7)  •  p t(D  j  that  is,  t(f )  ^  positive  homogeneous  of 
weight  one. 

Proof.  If  is  an  optinal  solution  for  ,  then  p  x^  is  clearly  a 
feasible  sat  of  activity  levels  for  restrictions  pl^  and  hence,  sinoe  the 
utility  of  any  set  of  feasible  activity  levels  is  expressed  by  a  linear 
homogeneous  form  and  since  the  particular  feasible  solution  is  a 
oonpetltor  for  the  optimising  solution,  it  follows  that  t(p?^)  h  t(7c^). 
However,  if  an  aptlmiaing  solution  x*^  for  the  feasibility  restrictions  pt^ 
is  selected,  the  same  argument  with  multiplier  p”^  gives  Mp^^pT)]  ^ 

P**^  nod  the  equality  follows.  This  ooqpletes  the  proof  of  the 

LEMMA  6 .  The  statement  of  lemma  7  is  valid  for  the  function  7  and 
wealdy  admissible  restrictions  . 

Proof.  The  proof  is  that  of  leaswt  7. 

LEMMA  9,  ^  7^  ^  wealdy  feasible  relative  to  f ^  and  x^,  then 
f ^  -  f^  +  piJo(^  ’  ^0( )  i®  feasible  fw  sn  p  >  0  and  Ttf^  +  /(7^  -  f^ 
«f<^)  +  -  fo^). 

Proof.  The  proof  is  that  of  lemma  7. 
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LEMHA  10,  nM  function  t(T)  cony  ext  that  Is,  for  any  admissible 
restrictions  7^  f and  for  numbers  X  and  jx  which  are  both  non- 
negative  and  whose  sum  Is  one  It  Is  true  that  X  7^  *  Is  admissible 

and  that 

W  t(M+;*f')  A  At(7)  +  ;xt(f')  . 

Proof.  The  admissibility  of  ^7^  +  Is  clear,  for  If  Is 

a<failsslbla  with  7^  and  if  x'^  Is  admissible  with  f'^  ,  then  -f  jai^  Is 
admissible  with  A7^  +  jaf^^  }  this  follows  Immediately  by  multiplying  the 
Inequalities  (5)  and  (7)  (with  appropriatf  choices  for  X|^  -  or  x'^  apd 
^OL  ”  the  non-negative  nwd>ers  A  and^.  If  the  two  sets  of 

activity  levels  are  optimising,  each  for  Its  associated  restrlotlons,  then 
the  utility  associated  (by  (6),  which  Is  a  linear  fbzm}  with  the  admissible 
aotlvity  level  Aal^  restrictions  A7^  ^ 

Xt(7)  ♦^t(f'),  and  inequality  (14)  follows  Imaedlately,  Ibis  ooivletes 
the  proof  of  the  Iwmia. 

UMMA  11.  Tte  junction  T(7)  i£  convex » 

Proof.  The  ppoof  Is  that  of  lesem  10. 

These  lemmas  prove  diat  t(7}  and  7(7)  are  convex  funotlone  which  are 
positive  homogeneous  of  weight  one.  Readers  with  an  intimate  knowledge  of 
such  functions  and  who  may  be  familiar  with  recent  work  on  eoonometrio  theory 
based  on  considerations  of  such  functions  may  Jump  to  Immodlats  conclusions 
which  will  be  established  in  the  next  theorem.  Those  who  are  willing  to 
apply  Euler' s  theorem  on  homogeneous  functions  ignoring  the  possible  laok 
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of  the  required  partial  derivatives  may  prove  the  next  theorem  shortly  by 
setting 


w(7) 


and  applying  the  lenuqas  above. 

THEORiM  I.  There  exist  numbers  associated  with  any  feasible  f^ 
such  that  W  fw  this  choice  of  the  function  w(D  ■  v(r)  -  2^  , 

then  the  restrictions  f q  are  equilibrium  restrictions. 

Proof.  First  consider  the  possible  case  that  t(f)  *0  and  t(7)  <  0  for 
all  7^  •  In  this  oase  the  coefficients  may  be  taken  z^  ■  0.  With  this 
choice  the  value  of  v  is  identically  zero  and  the  theormn  fellows  by 
lemma  6* 

Otherwise  consider  the  following  censtruetion.  Find  the  set  F***  of 
values  7^  at  which  T(7)  *  t(f)  +  h,  where  h  is  a  small  positive  constant. 

It  will  be  shown  later  that  F**^  has  content  and  that  it  is  closed.  Choose  on 
F*^  a  point  closest  in  the  sense  of  euclidean  metric  to  f^  j  call  this  point 
f'^  .  Write  Zw  ■  ^(f  a  ~  f-)  and  choose  tr  •  — — - k  «  where 

h  Is  the  positive  nuniser  chosen  in  F**^. 

Before  continuing  with  the  proof,  note  that  the  positive  content  of  the 
set  F'*'  follows  from  the  lemmas  above.  In  particular.  If  t(f)  /  0,  some  7cl 
on  the  ray  joining  the  origin  with  f^  (on  one  side  or  the  other  of  f^^ 
depending  on  the  sign  of  t(f))  will  lie  on  F***  for  small  enough  h,  according 
to  lemma  8.  If  t(f)  >  0,  aiui  mslng  the  assusqption  already  made  that  there 
emlsta  some  7^^  such  that  7(7)  k  o,  there  must  exist  a  point  on  the  ray  from 
f^  through  ouch  7^  on  F*,  according  to  lemma  9. 


272 


Conference  of  Arsenal  Mathematicians 


The  fact  that  F'*’  is  closed  follows  from  the  continuity  of  the  form  (6) 
giving  the  utility  function  and  lemma  3.  Hence  the  point  f^  mentioned 
above  must  exist. 

Now,  if  fg^  and  f^  are  collinear  with  the  origin,  it  follows  from 
the  facts  that  v(f*)  -  v(f)  ■  h,  that  v(0)  •  0,  that  v(r)  Is  linear,  and 
from  lemma  8  that  v(f)  ■  t(f)  and  v(f')  =  ?(f).  If  f^  and  f'^  are  not 
collinear  with  the  origin,  then  the  same  results  can  be  obtained  by  noting 
that  lemmas  8  and  9  guarantee  the  linearity  of  7(7)  when  7^  is  restricted  to 
move  in  a  single  two-dimensional  plane  containing  the  segment  from  the  origin 
to  r^. 

Ihe  rest  of  this  proof  depends  on  noticing  that  the  determination  of 
is  independent  of  the  size  chosen  for  h  in  determining  F^,  This  follows 
Immediately  from  l«ma  9  using  the  same  lixiear  reasoning  as  that  mnployed  in 
lanu  7}  that  is,  if  two  different  values  of  h  gave  two  different  values  of 
then  the  usual  Inconsistenoy  shows  up  that  neither  of  these  can  be  good, 
for  each  furnishes  a  ocmpetitive  rate  of  change  for  the  determination  of  the 
other. 

With  this  observed  an  analogue  of  Euler*  s  theorem,  using  the  s  instead 
of  partial  derivatives  (they  were  computed  by  formulas  suitable  for  oooputing 
the  partial  derivatives  of  a  linear  homogeneous  function  from  the  information 
granted)  wUl  give  the  final  desired  result.  This  analogue  is  that  with  this 
choice  of  s^  used  as  partial  derivatives  of  7(7) ,  it  is  true  that  7(7)  *  2s^7^ . 
This  result  is  a  natural  one,  for  the  inequali^  mgr  occur  when  the  restrictions 
prevent  the  use  of  linear  interpolation.  However,  the  proof  of  this  theorem 
does  not  follow  the  usual  proof  of  Euler's  theorem.  Rather  it  depends  on  a 
slaqpler  geometrical  argument,  which  will  be  sketched. 
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If  the  proposition  is  false,  thun  there  must  exist  a  point  such  that 
Now,  this  point  f"^^  along  with  the  origin  and  the  point 
f  ^  determines  a  two-dimensional  plans,  and  in  this  plane  the  function  T(7) 
is  linear  according  to  lemmas  8  and  9*  Since  the  function  v  > 
linear  and  since  the  values  of  1  and  v  agree  at  f^ ,  it  follows  that  T  must 
exceed  v  at  all  points  along  the  ray  from  f^  through  .  Now,  if  this 
ray  intersects  or  is  parallel  to  the  hyperplane  v  -  t(f)  -f  h,  where  h  is  the 
positive  value  used  to  determine  f'^  ^  then  it  must  be  true  that  f'^  is 
fiirther  frnn  f  ^  than  soaie  other  point  determined  as  follows.  The  point  on 
the  ray  at  which  7(7)  ■  t(f)  +  h  is  determined,  and  the  segment  between  this 
point  and  f'^  is  constructed.  By  assumption,  there  is  a  point  on  this  seg- 
SMOt  closer  to  f^  than  la  f'^  .  Sy  lasmat  10  the  value  of  7  at  this  closer 
point  is  at  least  t(f)  +  h,  and  if  it  exceeds  this  value  at  this  point  there 
is  (by  lesmia  9)  a  point  even  closer  at  which  7  attains  the  value  f(t)  +  h. 
This  oonqpletes  the  contradiction  if  v  is  increasing  along  this  ray. 

Finally,  if  the  ray  from  f^  through  is  a  direction  of  decreasing 
T,  then  a  siadlar  arg\iment  relaUve  to  the  ray  a  from  f^  through  a  point  of 
the  segment  joining  f'^  and  f"^  leads  to  a  contradiction,  for  it  is  easily 
shown  that  7  exceeds  v  and  increases  along  such  a  rqr.  This  completes  the 
propf  of  the  theorem. 

We  now  turn  to  the  duality  theorem. 

HOORBI  II.  K  ^  linear  torn  (6),  u  -  2^  X|^  ^  maximised  at 

«wong  admissible  variables  x^  Subject  to  ^  feasibility  restrictions 

(5)  ^  *a^^a  then  t^ 
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(31»)  ^  '  ^e(  *0^ 

attains  a  mlninun  at  some  set  of  values  admissible  variables 

z^  subject  to  the  restrictions 

(IS)  k  0 

and 

^e^^oia  *ei  ^  ®a  • 

Furthermore,  -  0  for  every  of  for  which  2  <lcta  *a  ^  *  —  *a  “  ®  iSi 

every  a  for  uhieh  2  z^  >  g.»  ■eawiever  the  maTlaal  value  of  u  equals 
the  minimal  value  of  v. 

Proof.  Ihe  minimal  value  of  the  torn  v  will  be  shown  to  be  taken  at  the 
values  z^  computed  in  the  proof  of  the  last  theorwa* 

In  the  first  place  it  la  aaeQr  to  show  that  these  values  are  admissible 
under  (IS)  and  (16)4  Indeed,  if  v  ■  2  z^  fq^  is  a  rent  which  renders  f^  an 
equilibrium  restriction,  it  Is  obvious  that  z^  A  0|  otherwise  the  rent  would 
bo  lowered  by  Imreasing  the  values  of  f^  for  aiur  values  of  oc  corresponding 
to  negative  s^^  ,  and  this  decrease  in  rant  would  not  be  aoooapanied  by  any 
restriction  in  aotlvltyj  in  fact,  it  would  generally  be  accompanied  by 
greater  freedom  of  activity,  hence  no  decrease  in  utility,  nils  proves  that 
the  coeff loients  s  ||  developed  In  conneotlon  with  theorem  I  satisfy  condition 

(IS). 

Similarly,  if  condition  (16)  is  violated  for  some  value  of  a,  then  the 
restrictions  should  be  increased  by  enough  to  permit  a  unit  increase  of  the 
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aetivl^  level  for  this  value  of  a.  This  increase  viU  require  at  most  an 
increase  of  of  the  ot-th  restrictions  at  a  total  cost  of  s^l  if 

condition  (16)  is  violated  the  gain  from  1hlS|  exceeds  the  increase  in 
rent  and  hence  the  levels  of  restriction  are  not  equilibrium  levels*  This 
completes  the  proof  of  the  admissibllitgr  of  the  coefficients  •  of  theorem  I. 

Nov^  if  restrictions  ($)  are  multiplied  by  the  non-negative  nund)ers  s^ 
and  sunned  and  restrictions  (16)  are  multiplied  by  the  non-negative  numbers 
x^  and  sumned  the  following  inequalities  resultt 

^  ^01  ^oc*oC  ^  Iti  ®a  *a  "  * 

Ihus,  for  no  adaiasible  choice  of  x^  and  s^  is  u  larger  than  v.  However, 
for  the  existence  of  no  force  proved  in  comeotion  with  the  choice  of  s^  in 
theorem  I,  there  can  be  no  force  toward  the  feasible  income  of  saro  connected 
with  restrictions  set  at  the  saro  level}  that  is,  there  will  be  force  to  go 
out  of  business  unless  u  A  v.  Thus,  for  the  optimal  choice  of  x^  ■  and 
the  ohoioe  of  s^  made  in  the  last  theoren,  it  aiast  be  true  that  u  ■  V}  this 
proves  the  equality  advertised  in  the  last  sentence  of  the  statement  of  the 
theorem* 

Finally,  we  need  only  notice  that  any  strict  ins^uality  among  the  set 
(5)  is  preserved  as  a  strict  inequality  if  it  is  multiplied  by  a  positive 
nuid>er  s  and  is  preserved  as  an  equality  if  it  is  multiplied  by  a  sero 
number  s^  ,  whereas  equalities  are  preserved  as  equalities  when  multiplied 
by  say  Sg^*  A  similar  rwark  applies  to  the  inequalities  (16)  and  multipliers 
X|^*  In  order  to  have  the  equality  preserved,  the  condition  stated  in  the  next 
to  last  sentence  is  neoessaxy*  This  oomiletes  the  proof  of  the  theorem* 
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6.  Numerical  solution  of  problems 

The  application  of  theorem  II  above  in  many  ingenious  ways  has  led  to 
realistic  con^utational  attacks  on  problems.  One  of  the  most  inc^enious  and 
successful  of  these  is  the  simplex  method  which  has  been  developed  by 
a.  B.Dantzig  and  his  coworkers  and  which  is  described  in  some  of  the  publica- 
tioQs  already  cited. 

The  description  of  the  simplex  method  in  a  short  space  has  defied  good 
expositors,  and  there  is  no  intention  of  presenting  a  full  or  even  a  workable 
account  of  computational  methods  in  this  paper. 

However,  it  should  be  noted  that  methods  are  developed  to  a  point  where 
they  Are  applicable  coofiletely  automatically  on  high  speed  computers,  and 
that  problems  with  a  hundred  or  more  variables  and  a  hundred  or  more  restric¬ 
tions  are  now  feasibly  attackable  through  the  use  of  these  qretematio  attacks 
on  the  larger  machines  now  available. 

I  shall  Include  a  short  example.  It  will  be  solved  by  methods  not 
generally  applied  to  the  numerical  solutions  of  problems,  but  the  solution 
will  iUuatrate  some  of  the  points  of  theorem  II  above. 

The  example  pertains  to  the  function 

(17)  tt»j^  +  2x2+3i^+lajj  , 

which  is  to  be  maximised  subject  to  the  feasibility  conditions 

2x;j^  +  1X2  ^  ^  ^  » 

3x3^  +  2x2  +  23^  +  3aqj^9  , 
lx3^  +  Ux2  +  3x3  +  2xj^a7  , 


(18) 
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(19)  . 

The  dual  problem  to  this  Involres  the  fonu 

(20)  Y  -  6*3^  ♦  9*2  +  '^*3  * 

which  le  to  be  mlnlmlaed  subject  to  the  feaslbllitgr  conditions 

2a^  ♦  3*2  *  1*3  ^1  $ 

1*3^  2s2  +  Us^  h  2  , 

Usi  ♦  2s2  +  3t3  *  3  , 

1»1  ♦  3*2  +  2ij  h  h  ^ 

and  the  non-negativitgr  conditions 

(22)  *01  ^  °  • 

Before  the  iUustratiYe  problem  is  continued,  let  it  be  perfeotlj  clear 
that  the  complete  unanimity  of  posltiYe  signs  among  the  ooefflclents  is  a 
great  help  (but  it  is  a  help  idiioh  pay  appear  in  many  problems  of  practical 
signlfioanoe  ~  and  unfortunately  be  missing  in  many  others  of  at  least  as 
great  significance). 

Since  it  is  establlshsd  that  Ysrtices  of  the  regions  of  feasible  solu¬ 
tions  will  maafimise  or  minimise  the  functions  oonsldered,  a  first  attempt  will 
be  made  to  find  Yertloes.  In  the  problems  at  hand^  this  is  easy  (again  the 
positiTe  ooeffioienta  help).  An  initial  start  for  is  ■  (0^  0,  0,  0). 
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This  is  a  vertex  of  the  region  (the  nnicitte  solution  of  the  four  equations 
got  Aron  (19)  by  rejecting  the  possibility  of  inequality),  and  a  simple 
test  shows  that  it  satisfies  all  the  conditions  (Ifi)  as  strict  inequalities. 
Ihe  value  attained  by  u  at  this  point  is  0. 

Turning  to  the  dual  probleai,  the  solution  of  the  three  equations  which 
can  be  got  by  rejecting  the  possibility  of  inequality  in  (22)  is  not  feasible} 
indeed,  it  satisfies  none  of  the  rdilions  (21).  However,  a  feasible  solution 
can  be  obtained  by  reachnlttlt^  one  of  the  inequalities  from  this  set  and 
extracting  an  equation  from  (21) .  If  we  set  -  b2  ■  0  artibrarlly  as  the 
equations  retained  from  (22) ,  it  dev^ops  that  the  fourth  of  inequalities 
(21)  is  JBOst  binding  on  ^3*  and  we  get  a  vertex  at  (0,  0,  2) . 

Now  according  to  theorem  II  these  two  vertioes  would  constitute  solutions 
of  the  problem  and  its  dual  if  and  only  if  the  value  attained  by  u  and  that 
attained  by  v  are  equal.  The  value  attained  by  v  at  this  vertex,  however,  is 
11},  idiioh  is  greater  than  the  sero  value  attained  by  u.  Consistent  with 
theorem  II,  we  note  that  a  non-sero  value  of  s^  appears  even  though  the  third 
of  the  inequalities  (18)  is  satisfied  as  a  strict  inequality  rather  than  as 
an  equality.  This  fUmL^es  sosw  guide  to  a  means  of  iiqproving  the  values 
obtained. 

Since  the  fourth  of  the  Inequalities  (21)  is  satisfied  by  the  z-vertex 
in  hand  as  an  equality,  theorem  II  would  encourage  the  enlargement  of 
Thus  we  replace  the  fourth  of  the  restrictions  (19)  by  an  inequality  and 
seek  an  equality  among  the  set  (16).  The  most  binding  of  these  inequalities 
(13)  under  this  cpndltlons,  Xj^  •  x^  •  X3  >  0  is  the  second,  and  ws  are  led  to 
a  new  vertex  -  (0,  0,  0,  3).  At  this  vertex,  the  value  of  u  is  12. 
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Since  the  second  of  the  Inequalities  (18)  is  now  satisfied  as  an  equality, 
we  are  encouraged  to  permit  the  value  of  Z2  to  become  positive  in  seeking  a 
better  vertex  in  the  z-space.  The  earlier  restriction  Z2  "0  will  be  replaced 
by  an  equality  extracted  from  one  of  the  first  three  inequalities  of  (21)  <— 
the  fourth  of  these  inequalities  is  already  satisfied  as  an  equality.  The 
third  equality  is  adequate,  and  the  vertex  it  gives  (with  the  other  restrlco 
tions)  is  Zjj^  ■  (0,  6/5,  1/5)1  ^or  this  vertex,  v  ■  61/5. 

Again,  we  do  not  have  a  solution  of  the  problem  and  its  dual,  but  there 
is  considerably  better  agreement  between  the  values  of  u  -  12  and  v  ■  61/5  than 
we  had  attained  before.  The  discrepancy  is  still  due  to  the  fact  that  the 
third  of  the  inequalities  (18)  is  satisfied  as  a  strict  inequality  while 
S2>  0. 

The  z-vertex  now  in  hand  satisfies  the  third  and  the  fourth  inequalities 
(21)  as  equalities,  and  hence  both  x^  and  are  encouraged  to  seek  positive 
values.  Thus  we  relax  the  equality  x^  ■  0  to  the  inequall^  0,  and  we 
seek  to  satisfy  another  of  the  inequalities  (18)  as  an  equality  (meanwhile 
satisfying  all  inequalities,  of  course).  We  retain  the  second  equality 
from  (18)  shioh  is  satisfied  at  the  old  vertex.  The  solution  obtained  by 
satisfying  the  third  relation  of  (18)  as  an  equality  satisfies  the  first 
relation  as  a  strict  inequality,  and  we  have  a  new  vertex  x^  > 

(0.  0,  3/5,  13/5). 

Actually,  tihls  completes  the  solution  of  the  problesi.  This  follows 
from  the  evaluation  of  u  ■  6l/$  at  this  vertex,  a  value  which  agrees  with 
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the  value  obtained  for  v  at  the  last  z-vertex.  Furthermore,  we  might  notice 
that  the  positive  oomponents  of  the  z-vertex  correspond  to  values  of  the  index 
for  which  relations  (18)  are  satisfied  as  equalities,  as  theorem  II  demands, 
and  that  the  positive  eonqponents  of  the  xHvertex  correspond  to  values  of  the 
index  for  which  relations  (21)  are  satisfied  as  equalities. 

This  oonpletes  the  example. 
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The  Basic  Principles  of  a  Two  Dimensional  Slide  Rule 
Clarence  R.  White^  . 

The  primary  objective  of  this  paper  is  to  present  a  Two  Dimensional 
Slide  Rule  which  combines  the  features  of  special  purpose  graph paper,  nomograms, 
slide  rules  and  the  like.  Such  a  device  will  consist  of  two  transparent 
surfaces . 

The  first  surface  will  be  called  the  'base  siurface*  or  'body*  upon  which 
are  drawn  appropriate  function  scaLLes  and  a  set  of  curves  in  color,  the 
rectangular  coordinates  of  which  are  given  by 

1.  (0,  log  trig  0)  in  figure  1 

/ 

2.  (x,  log  x)  in  figures  2,  5 

3.  (x  «  log  tan  0,  log  trig  0)  in  figure  6 

4.  (f(0),  log  trig  0)  in  figures  8,  9,  10,  11 

3.  (0,  log  trig  0)  in  figures  13,  1^ 

This  surface  corresponds  to  the  'body*  of  the  one  dimensional  slide  rule. 

The  second  surface  will  be  called  the  'sliding  surface*  or  'slide*  upon 
which  are  drawn  sets  of  scales  colored  to  match  not  only  the  co-operating 
curves  of  the  base  surface  but  also  the  quantity  under  consideration.  The 
division  marks  of  each  scale  are  perpendicular  to  the  straight  line  axis 
which  theoretically  is  inflzvlte  in  extent.  The  index  of  a  scale  is  that  mark 
which  denotes  the  number  1.  This  surface  correspoixds  to  the  'slide*  of  the 
one  dimensional  slide  rule.  See  figures  1  and  12. 

The  fundamented.  principle  of  this  Two  Dimensional  Slide  Rule  results 
when  a  sliding  surface  comes  to  rest  upon  a  base  surface  in  such  a  way  that 
the  slope  of  an  axis  when  referred  to  the  coordinate  system  of  the  base 
surface  is  90  degrees,  l.e.  perpendicular  to  the  horizontal  direction,  since 
each  appeo'ent  intersection  of  a  base  surface  curve  with  a  sliding  sxirfe^ce 
axis  determines  a  point  on  curve  and  on  axis.  Identification  of  results  is 
also  accomplished  by  the  introduction  of  alignment  algebra  which  gives  coding 
symbols  for  the  location  of  desired  solutions. 

Ihe  Two  Dimensional  Slide  Rule  may  be  regarded  as  a  special  case  of 
allgnnhnt  charts  idilch  is  limited  to  real  positive  nuirbers  and  represent 
solutions  to  x{y)~\  *  1.  The  use  of  a  base  surface  and  a  transparent  sliding 
surface,  upon  each  of  which  the  horizontal  rulings  are  linear  and  the  vertical 
rulings  are  logarithmic  (corresponding  to  the  y-sccd.e  and  z-scale  respectively) 
affords  a  ready  means  for  the  construction  of  alignment  charts  for  all  values 
of  n. 
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See  figwires  2  and  3« 

It  Edso  gives  a  solution  when  any  three  of  the  four  numbers  are  specified 
provided  that  the  sliding  z- surface  whose  index  is  the  index  of  its  z- scale 
be  superln^osed  upon  the  base  y- surface  at  the  point  (n,  log  x)  for  n  and 
X  given;  at  the  point  (l,  log  x)  for  n  not  given.  Consider  the  following 
cases  for  the  solution  of  x(y“*^)z  ■  1. 

1.  Given  (n^x^y)  ■  (2,  4,  6)  with  index  location  at  (n,  log  x),  find  z  «  9 
See  figure  4 

2.  Given  (n,x,z)  «  (2,  4,  9)  with  index  location  at  (n,  log  x),  find  y  >  6 
See  figure  4 

3.  Given  (x,y>z)  *  (4,  6,  9)  with  index  location  at  (l,  log  x),  find  n  >  2 
See  figure  5 

l^e  index  location  of  the  sliding  z- surface  is  thus  a  two  dimensional 
parameterization  and  gives  rise  to  the  motion  of  the  sliding  surfaces  of 
the  Two  Dimensional  Slide  Rvile.  The  alignment  solution  for  case  (l)  results 
from  the  alignment  of  y  ■  6  on  the  y-scale  with  the  point  (O,  log  l)  to  give 
the  answer  z  •  9  on  the  z-sced.e.  The  alignment  solution  for  the  case  (2) 
results  from  the  alignment  of  z  <■  9  on  the  z-scale  with  the  point  (O,  log  l) 
to  give  the  answer  y  <■  6  on  the  y-scale.  The  nomographic  solution  for  case 
(3)  results  from  finding  the  point  z  on  the  z- surface  along  the  line  deter¬ 
mined  by  the  points  (O,  log  l)  and  the  position  of  y  ■  6  on  the  > -scale  at 
the  point  (1,  log  y).  The  abscissa  of  z  is  the  desired  value  of  n  ■  2  on  the 
n- scale  which  is  horizontal.  It  is  convenient  to  Insert  a  piece  of  thread 
at  the  pivot  point  (O,  log  l)  on  the  bMe  y-surface  to  serve  as  the  unmarked 
straight  edge  or  axis. 

The  repeated  use  of  such  an  axis  in  nomography  suggests  the  introduction 
of  em  algebra  of  alignment  charts  which  will  be  Illustrated  from  the  Line 
Coordinate  Chart  given  in  figure  4. 

The  symbolism  to  be  Introduced  stems  from  the  fact  that  an  alignment 
chart  is  made  up  of  Scales,  Axes  and  division  Marks.  If  now  these  three 
elements  be  identified  by  means  of  the  capitalized  letters  in  the  order  Just 
given,  then  symbolically 

S.)A(M.  represents  a  point  on  the  Axis  determined 

^  by  division  Narks  on  the  Scale  so  that  M. 

represents  a  number  ^dxlch  is  in  one-to 
one-correspondence  with  the  points  of  axis. 


An  algebraic  symbolization  of  procedures  Is  made  possible  by 

S.  )A(M.  ■  S.)B(Mg  denotes  the  horizontal  translation  of  a 

point  from  axis  A  to  axis  B 

S^)A(M^  :  S^)B(Mg  denotes  the  axis  determined  by  two  points 

)A(M.  :  8.  )B(M-  : :  S.  )C()^  denotes  the  alignment  of  a  third  point  with 

^  ^  in  ^  ^  two  other  points 

The  designations  for  axes  fall  Into  two  categoiries  (l)  a  number  associated 
with  Its  Intersection  upon  the  horizontal  axis  and  (2)  a  literal  expression  based 
upon  Its  functional  representation.  A  simllEir  analysis  follows  for  a  point  on 
such  an  axis:  (l)  a  number  associated  with  Its  position  on  the  axis  which  is  ver* 
tlcal  and  (2)  a  literal  ejgpresslon  based  upon  its  functional  representation,  thus 


S^)A(M^  ■■  f(x)  denotes  the  value  of  f(x) 

Ibe  alignment  algebra  gives  for  Case  (l)  figure  4 
/Blue)0(l  ;  /Blue)l(yi6  : :  Yellov)l(zai9 

Coding  symbols  for  the  location  of  a  point  on  a  sliding  surface  will  be 
denoted  by  a  number  triad,  where  the  first  number  refers  to  a  function  scale; 


the  second  nuniber,  to  a  vertical  axis;  and  the  third  number,  to  a  point  on  the 

axis.  The  symbolic  expression  is  S. )A(M  . 

^  j  the  symbol 

Coding  syid)ols  belonging  to  a  base  surface  will  be  preceeded  by;  / 

A . 

Horizontal  scales  will  be  denoted  by  three  symbols,  the  first  of  which  Is  's'; 


the  second,  a  number;  the  third  'c',  such  as  /s2c,  /s2c,  etc.  A  point  m^  on  such 
a  scale  will  be  denoted  by  /s2c(au. 

Curves  for  I-Base  Surface-I  (figure  l)  are  constructed  from  points  whose 
Ordinate  »  log  F  (x)  and  whose  Abscissa  >  log  hay  0  or  log  Hav(0  -i-  90°)  where 

4 


P  (x)  -  CSC  J2(  «  (L  +  S)/2\/I3  /a 

6k 

P^(x)  -  cot  0  -  (L  -  B)/2\jlS 

P  (x)  -  sec  0  «  (L  +  S)/(L-S)  /c 

c 

P^(x)  ■  one  /d 

Pg(x)  -  cos  0  -  (L-  S)/(L  +8)  /e 

Pj(x)  -  tan  0  -  2VI3/(L  -  3)  ^ 

P  (x)  -  sin  0  -  2  \/tfl/(L  +8) 

Pj^(x)  -  hav  0  »  S/(L  +3)  ^ 

P  (x)  -  Bav(0  +  90°)  »  L/(L  +  S)  /YL 

R 


for  0  Is  less  thaui  8  Is  less  than  L  and  for  10°  Is  less  than  0  is  less  than  or 
equal  to  90°. 
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Coding  symbols  for  the  Two  Dimensional  Slide  Rule 


Blue  )2  (M2 

Blue)2  /e$e(50° 

Blue)2  /b5c($0° 

Blue)2(20°  :  Blue)2  /s5c(30* 


denotes  a  point  on  Axis  )2( 
determined  by  the  division 
marks  of  Its  blue  scale  which 
point  Is  on  curve  ^  of  base 
sxirface . 

aligns  axis  )2(  Into  a  one 
dimensional  slide  rule  movement 
along  the  division  ^0°  of  the 
horizontal  scale,  s5c. 

also  means  that  the  vertical 
axis  )2(  Is  perpendicular  to 
the  horizontal  axis  of  s^c  at 
point  50°  on  It. 

fixes  the  position  of  the  sliding 
scale  )2(  by  means  of  a  number 
on  It  and  the  number  on  scale, 
s3c. 


Oreen)l(L  t  Green )l(S 


fixes  the  position  of  the  sliding 
scale  )l(  by  means  of  two 
numbers  on  It. 


Green)l(L  :  Green)l(S  ::  Qreen)l(M  /d 


determines  the  answer  M  at  the 
Intersection  of  the  axis  )l( 
with  the  curve  /d 


Blue)2(20°  {  Blue)2  /s5c(50°  tt  Orange )2(M 


determines  the  answer  M  at  the 
Intersection  of  the  axis  )2( 
with  the  curve  /d 


Figures  6  through  l4  represent  Two  Dimensional  Slide  Rule  Solutions 
to  the  problems  thezmln  defined. 

thanks  to  co>workers  vtu>  bad  a  part  In  the  preparation  and  In  the 
publication  of  this  paper. 
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